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ABSTRACT

Interconnected tissue compartmental models hawmg three, or four compartments, one or
more of which was risk-bearing, have been previpimtestigated for predicting the probability
of decompression sickness (DCS) in compressed igagydWe extend this prior work under
general conditions to multiple risk-bearing compants while providing exact risk function
integrals. Four biophysical models based on differeter-compartmental connections ranging
from uncoupled to fully coupled with bidirectionateraction were trained on a large data set to
reject unjustified model parameters. We also exploow coupled models (and similar
uncoupled models) perform for the prediction of DidShumans when extrapolated to dives
outside of the training set. The most successfullehassumes slower tissues influence faster
tissues with all compartments bearing risk and pi®wery good predictions for dives with

surface decompression using oxygen.

KEYWORDS

Decompression sickness, optimization, diving, pgdu-diffusion models, multi-exponential

exchange kinetics, probabilistic models, maximukalihood.
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INTRODUCTION

Decompression Sickness (DCS) is a condition whigh occur in humans when there is a
decrease of ambient pressure and can involve atyaof symptoms ranging from minor to
fatal [1, 2]. Although it is generally acceptedttiteCS is initiated by the formation and growth
of inert gas bubbles in the body [3], the mechasishits various forms are not completely
understood. DCS can be encountered during divipgetbaric medical treatments, high altitude
flights, and manned spaceflight operations [4]. @esadvances in methods for limiting the risk
of DCS occurrence, it remains a significant chajeerto operating in and exploring extreme
environments.

Haldaneet al. [5] are commonly credited as the first to provateeffective algorithm to
significantly reduce DCS occurrences through ardetestic quasi-physiological mathematical
model. He described the body as a parallel netvadrkndependent perfusion-limited tissue
compartments in which the occurrence of DCS deptethe state of supersaturation in each
of the tissues. They computed decompression soeedumith this model which were more
successful in comparison to previous methods atitigyDCS in compressed gas workers. In
fact, in an experiment involving goats, they fouhdt the proportion of illnesses with previous
methodologies, based on uniform decompression std®dwas greater than with stage
decompression though the stage decompression aggosampleted the decompression in a
third of the time. Yet, this approach was still tatally effective.

Noting the probabilistic nature of DCS in a ratdebstudy by Berghaget al. [6],
Weathersby [7, 8] introduced a probabilistic applothat treated DCS as a probabilistic binary
variable where DCS = 1 if DCS occurred and DCS i DCS did not occur; although recent

methods have been developed to simultaneously qirétie probability and severity of
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decompression sickness in humans [9]. This proistibilapproach had three modules: (a) a
deterministic compartmental model, described byoupted Ordinary Differential Equations
(ODEs) that computed the partial pressure of ngrog parallel tissue compartments; (b) a
nonlinear function that mapped the instantaneopersaturated nitrogen onto a probability that
a diver would experience DCS; and (c) a body ofieog diving data that included depth-time
dive profiles for many dives along with their bigddCS outcome. Modules (a) and (b) have
undetermined parameters whose optimal values weralffrom the data in module (c) using the
maximum likelihood approach which resulted in thestbpossible simulation of the empirical
data by that model [10]. The likelihood approack peoduced a large number of statistically-
based decompression tables in which the DCS priityalvas controlled to target values over a
wide range of dive exposures [11-26].

Notwithstanding the advances made during the Esucy in understanding fundamental
DCS mechanisms and methods for computing decompresshedules, many uncertainties
remain leading to a variety of alternative decomspien procedures [27, 28] that still
occasionally result in DCS [29]. Indeed, Dooletparted that Haldane’s tables remain desirable
in some cases [30]. The probabilistic models of DdgScribed above used parallel, perfusion-
limited tissue compartments. The use of mono- oidtiraMponential tissue kinetics was
investigated in a dog model by Weathersiyal. [31, 32] using dilute"**Xe breathed for a
specified time interval. In fitting the radio-gagtake and washout curves, the researchers found
that at least two, frequently three, and occaslpraur exponentials were needed to accurately
fit the data. Novotnt al. [33] noted that a model based on parallel tisasd to adequately
describe experimentally measurédXe washout from dog calf muscle. Dooletteal. [34-38]

found that models including gas transport betweesué compartments were superior at
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simulating experimental measurements of inert gatiange in sheep brain and muscle when
compared to models with uncoupled tissue comparsnen

The first successful probabilistic decompressiomehdor human divers was based upon
a collection of uncoupled compartments [7, 11].ekaimodels incorporating inter-tissue gas
transport were derived from a deterministic mode¢ Kidd-Stubbs model) incorporating inter-
tissue gas transport [39]. The Kidd-Stubbs modettioed a series of four hypothetical tissues
in series; with a single shared input/output to oh¢he distal compartments. Goldman [40]
included inter-tissue gas transport in probabdistiecompression modeling in which he
considered two or three inter-connected compartsnevith only the central compartment
contributing to DCS risk and assumed linear dynamit order to be able to integrate the
equations analytically; yet, risk functions weréraated numerically. He suggested that this new
class of models might potentially extrapolate bette dives not included in his truncated
calibration data than the traditional parallelussnodels without inter-tissue perfusion.

In our previous works [41, 42], we extensively expl inter-tissue gas transfer models
and other model structures based upon experimerdgd in sheep for use in predicting the
probability of DCS in humans. Models containingupled, perfusion-limited compartments —
but with a single input and output — outperformkd traditional parallel, three-compartment,
perfusion-limited models only for single air boundes. Models containing coupling with
perfusion as well as diffusion — again with a sengiput and output — outperformed the same
traditional parallel, three-compartment, perfusiiomted models for repetitive and multilevel air
dives, dives with oxygen decompression, as weflimgle air dives. These findings support our
conclusion that a combination of different uncodplenulti-compartment and single-

compartment structures are likely needed to bestrite diverse data sets.
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The object of this paper is a detailed investigabbinter-tissue perfusion to determine if
there is merit to Goldman’s claims. We extend Gwd’'s model beyond two or three
compartments, reduce the computational cost byacep numerical with analytical integration,
evaluate several risk-bearing tissue compartmeiteer than only one, and calibrate our new
models to a larger set of dive profile data. Uslingar algebra [49], we provide a general
solution applicable to interactions between any loemmof compartmental tissues with linear
combinations of exponential kinetics while guaraeittig a tissue matrix that remains
characterized by distinct negative eigenvalues.Wéeide a general closed-form integral of the
risk function that allows for fast estimation of BQisk for numerous profiles without large
computational cost. Further, we consider the cdseudtiple compartmental contributions to
DCS risk; each having a different gain and a déferrisk threshold to account for differences
between tissues. We explore the prediction capi@silimodel failures, and model robustness
when large data sets are used. We provide anezfficiumerical algorithm to iterate through
tissue matrices characterized by distinct real tnegaeigenvalues and propose a numeric
methodology to restrict analysis to symmetric tesssnatrices that may suggest physiological
properties. Finally, we investigate the extrapolatiof inter-tissue perfusion models in

comparison to the well-known parallel tissue mdelel [50, 51].
MATERIALSAND METHODS

Derivation of Inter-Connected Tissue Kinetics
Let the tissue partial tension vect@[1]", be described by the following system of linear
ordinary differential equations

L = Ap+p,, (1) @

6
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where we defineA ™" the tissue matrix that is assumed to have distinct negative real
eigenvaluesn is the number of well-stirred tissuefs ] "is a vector, constant with respect to
time, andp, ,(t) is the time varying arterial nitrogen partial [mee.

In agreement with Thalmaraal. [52] and Goldman [40]p, , is assumed to be equal to

the alveolar nitrogen partial pressure. Therefare can distinguish two cases, depending on the

breathing gas conditions
.0 (t) = (1= F1,, ) 0 p* (1) = Puo | )
for constant inspired fraction and
Pan (t) = P*(t) = P = Pl (t) 3
for constant inspired partial pressure, as repdrtestjuations (A13) and (A14) in appendix A of
Goldman [40];where p* (t) refers to the ambient hydrostatic pressusg,, to the water vapor
partial pressure at body temperature (i.e. G/ and finallyFl, and Pl are the fraction of

oxygen in the inspired gas and its partial pressespectively.

Throughout this derivation, we make the assumptibpiecewise dive segments; thus,

we can writep* (t) as an explicit function of time, so that
p*(t) = pg +rt )
where pg is the ambient hydrostatic pressure at time zanal, r° is its rate of change with

respect to time . Similarly, we have an expression for the alveaoili&ogen partial pressure. In

particular, it follows thatp, , (t) may be expressed as

pa,n (t) = pa,n (O) + ra,n i (5)
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where the expression of the constapg§(0) andr, may be easily obtained, using Eq. (2) or

n

Eq. (3). For example, in the case of constant redpipartial pressure, we get

p,.(0)= (1— FIOZ)( pa - pHZO), and r, (t)= ra(l— FIOZ). We impose the associated initial
conditions, expressed ps=p(0)J0 " as the initial tissue nitrogen tension.

Let A =SDS™ be the spectral decomposition of tAe matrix, so thatS is the matrix of
eigenvectors ofA, D is the diagonal matrix formed with the eigenvalués, and let pose

p =S¢.Substituting into Eg. (1) we have the following t®a of uncoupled differential

equations forp:

f'j—‘t":D<p+k1+k2Eﬂ ®)

where k, =S*f p,,(0), andk, =S™f r,,,, with the associated initial conditiong, =S™p,.

a,n?

After some manipulations, we can write the gensoaltion forp(t), as :

p(t) =En()+S+t0, ()

where E=SC, with C :ic,e, Oe, having addressed withl the tensor product applied to

i=1

vectors, 4 (t) =e*,i=1,2,.. n, £=Sd, T=Se with J :—%—%,

£ = —‘;—2 and with A the

i-th eigenvalue ofA , assumed to be distinct and strictly negativentuee stability.

Analytical Integration of the Risk Function
As proposed in Goldman [40], adopting the formuolatproposed by Thalmaret al. [52], we

can write tha-th component of the risk functiop, as
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(8)

pi

_p(t)-[p(t)+h]
p*(t)

where by is constant with respect to time and represempthssure threshold of th¢h tissue

compartment and p(t) is its tissue partial tension, provided by

(7)Error! Reference source not found.. Eq. (8) simply states that in each kinetic cortipant

the risk is proportional to the relative supersation above a certain thresholyl. We are
t

aiming to evaluate the hazard vectgrdefined as{ = Ip dt, since the probability of developing
t.

DCS is related to this function through the follogyiexpression

P =1-€e** 9
wheret, andt, are the initial and the final times of the divgsent, respectively, witle 00 " a
vector of tissue compartment gains that is assuimdze constant with respect to time. While

Goldman [40] assumes that only the first compartneamtributes directly to DCS risk, we

choose to keep a general notation in our derivaggecifically, Goldman's models are found by
imposinga to be[a 0 0 and[a 0] for his three (3CG and 3CM) and two compartment
models (2CG and 2CM), respectively.

We integrate the function starting from a genérdial time and break the integral into

parts where the risk function becomes negativeeViauate the integral, it is more convenient to

rewrite the expression fop in terms of linear operators so that they may Imeoreed from the
integration. After substituting Eq. E&)ror! Reference source not found. into Eq. (8) and

simplifying, we have the following expression fpr
p(t) =Ev(t)+E y(t) +T a(t) -u. (10)

9



203 where the following definitions apply in Eq. (10)

et e

204 n=|-S- = .. =] 11

I FRORCIONE 0 -

205 g=¢-b (12)
206 y(t)= pal(t) Lo(t)= pat(t) , and finally

207 u=[1 1 - 1] . (13)

208 With these assumptions, we can estintatas
t t t

209 g=E[v(t)dt+E[y(t) dt+r[af(t) d~(t, -t )u. (14)
t; ; t;

210 Every term on the right-hand-side of Eq. (14) mhbet evaluated. With the assumption of
211 piecewise dive segments, we can impose Eq. (4),d#fmition of the ambient hydrostatic
212 pressure. Then, we must distinguish two cases doh ¢erm: whenr® #0 and whenr® =0.

213 After some manipulation, we get the following exqziens:

t Y At

1 ; - _ .
214 JVi (t) dt:J pg+|’at dt:_r_ae A.[E| (/1i +/1itf)—E| (/]i+/]iti):|,for ra£0 (15)
215 and
216 tj.v' (t) ct :tj < dt =1 (eﬁitf —e‘i‘i) forr*=0 (16)
& | t pg pg/‘i ’

10



217 where we have introduced the modified eigenvalyedefined as A, = A %’ fori=12,...n.
p

218 In Eg. (15), El (t) refers to the exponential integral function, afingel in Abramowitz and

t x
219 Stegun [53], that isEl (t) = J'e— dx . Similarly, for the other scalar terms, we have
X

—00

i t a4 3t
220 J.y(t)dt:J' adt - :ialn % ,forr®£0 (17)
: LIt Py +rlt,
221 and
t t dt to-t
222 [y (t)dt=[= === forr*=0. (18)
§ & pO pO

223 Finally, for the integral ofw(t) to be evaluated in Eq. (14), we have

¥ ¥ t, -t p 2 4rot
224 [a(t)dt=[—rd=-t+Poin| PETE | gorpaseg (19)
t; t; Po T t r (ra) Py T tf
225 and
ty 1 t t2 —t-2
226 [a(t)d=—Jtd=-——, for r*=0. (20)
y P s 20

227 Equations (15)-(20) are the relations needed tdueta Eqg. (14) and, therefore, the DCS

228 probability by using Eqg. (9).

229 Integration of Positive Definite Portion of the Risk Function

230 When estimating the probability of DCS, we havaéglect any interval where the risk function
231 attains negative values. To achieve this, we muodtthe risk function roots and check for sign
232 changes. Since the risk function is continuoustsrinterval of definition, Bolzano's theorem

233 [54] applies.

11
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Recalling Eq. (8), we have to study the sign offtil®wing function
sign| o, (t)]= sigr{ P, (t)—[pa (t)+bK]} , fok=1,2,.n (21)

Making use of the general solution for the comparitrtissue pressure, the generic component

of the risk function vanishes at timg if and only if
t] Y Ee"+¢ +ri[IT:(p§+raDT+b). (22)
j=1

The last expression is non-linear with respecth® $calar unknowrt , but decoupled, so
without loss of generality, the generic scalar ¢éiguacan be solved. Rearranging similar time-

dependent terms, we can rewrite Eq. (22), as
to‘zn:Eje”’to -xd°-n=0 (23)
!
where we have defined the following quantities
x=(r.-1) (24)
and
n=(p5+b-¢). (25)
To find the roots of Eq. (23), if any, we proceedfallows. First, each integration interval was

subdivided intoSsub-intervals of equal length. Then, with andt! as the initial and final
times of thej-th sub-interval, respectively, we evaluate= p(tij)uo(tg' ) forj=1,2,.. S. For
every sub-interval for which we fourlg) <0, we applied the Dekker-Brent method [55], to find

the internal root. We choose this algorithm fordbustness and fast convergence and check the

sign of the risk between successive roots, inclyidie two most external intervals starting from

12
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t and arriving tot, . We labeled intervals where the risk functioniatd negative values and

excluded these from the integration.

Selection of Model Parameters

The analytical derivation presented so far is cetghy general and applicable to all
models governed by linear coupled ordinary diffie#nequations. However, to assess the
goodness-of-fit for a specific model to calibratidata, some assumptions have to be made on

the form of the matrixA , the vectorf | and their dimensions. How many tissue compartments

consider, for example, which parameters to varg, &hich constraints to apply are not trivial
choices. Choosing too few parameters might resufi sub-optimal fit of the calibration data
whereas choosing too many might over-fit the da#aling to poor extrapolation to dives not in
the calibration data. In this section, we reviewvious research and in the next section, derive a
new class of models. This will allow a contraswiestn previous and newer work.

Goldman [40] presents four new multi-exponentialdels: two couples of two (2CG and
2CM) and three compartments (3CG and 3CM), resgagtiin which only one compartment is
assumed to directly contribute to DCS risk. Thek4bbearing compartment is associated with the
eigenvalue having the largest absolute value. Toldr@an models define the maximum number
of free parameters within the tissue matAx as the number of tissuen, or the number of
distinct eigenvalues. For 3CG, 3CM and 2CG, 2CN4 tequires only three and two parameters,
respectively. We argue, however, that all free patars of the model (not just the number of
tissues) must be evaluated, and a given paranggéeted only if it fails a likelihood ratio test.

Inspecting Goldman's three tissue compartment feothe A matrix has the form

13
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294

-3f,, f,. f. f
A=| f, -(1+PR)f, 0 ; f=| PR, (26)
f31 0 _(1+ PRs) f31 PF% f31

where the following additional constraints were osed to evaluate Eq. (26PR, = PR = 0.:

and PR, = PR = (for the 3CG and 3CM, respectively. They repreghat“perfusion ratio",

defined as "diffusion rate constants" out of theegee compartment™ They were set arbitrarily

to 0.2, to illustrate the properties of the modelsereas they vanish, in the case of a mammillary
model, since the connections of compartments 23anih the circulatory system are severed by
assumption. This construction guarantees negatideganerally distinct eigenvalues if the free

parameters are strictly positive, but these comégrare arbitrary and only used for testing. The
connections between the second and the third cameats were also severed. The two

compartment tissue models are obtained from theique models by reducing the degrees of

freedom to two and considering a two-by-two syssemilar to the three-tissue case.

Algorithm for Iterating through Stable M atrices and Choice of Forcing Term

In this section, we remove all or most of the agstions of Goldman [40] and select
models based on the form of the matrix as before while only considering cases @ased
with strictly negative distinct eigenvalues. We moate our assumptions starting from the
matrix spectral decomposition to clarify how thecfag term may be conveniently related to the
tissue matrix.

Recall our matrix spectral decomposition

A =SDS™, (27)

By selecting models based on the propertieSaind D, we can easily impose any spectral

property of A and use Eq. (27) to deriv& a posteriori. To consider only negative and distinct

14
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eigenvalues, we trivially impos=diag(4, A,,.. A,), choosing 0>A >A_ >...>1,

without loss of generality and maintaining Goldmnsarronvention of choosing the first
compartment as that associated with the smallgenealue. In so doing, we start from the
tissue times, as is done with independent tisswefaon a more physiological manner.

Any invertible diagonalizable matrixS, is appropriate but may have redundant
parameters since the eigenvector matrix is notusmigWe restrict our choice of free parameters

by considering independent tissue compartmentsniagt be obtained as a limiting case from

our general formulation by imposing, e.g=1, where | 00 ™ is the identity matrix. This
observation suggests that we can relate the diféeréetween the eigenvector matxand the
identity matrix to the degree of dependency amdwegdifferent compartments. Without loss of
generality, we impose equality among the elemehthe main diagonal oS since they are
arbitrary multipliers of the eigenvalues W and assume they are equal to one. It is trivial to
prove a matrixA may be spectrally decomposed by Eq. (27), thrarmgkigenvector matri§,

whose main diagonal elements are one under thenagsisum of distinct eigenvalues. With this

choice forS, we haven® free parameters:l(n—l) for the generic choice of components®f

outside the main diagonal plasigenvalues that we would have by considerng

We constrain the forcing term multipliers addrekkg the vectorf through the choice of
the matricesS and D by inspecting a steady-state solution. Specifjcalur model produces a
constant tissue pressure if we assume a dive @roffibracterized by constant arterial nitrogen
tension with the initial condition that all tisstensions are approximately equal to this constant
value. For this special case, all derivatives ef plartial tissue tension with respect to time must
vanish. Hence,

0=Ap+fp,,. (28)

15
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With the hypothesis thap = p, ,u, whereu is the constant unit vector defined in Eq. (13), we

have the following required expression for the iiogaderm
f =-Au. (29)
Equation (29) is consistent with both independem ancoupled tissues as in the Goldman

models.

Algorithm for Iterating through Symmetric Matrices

We begin by investigating a balanced nitrogen roution between any two tissue
compartments, i.e., symmetric tissue matrices inclvithe contribution to thg-th tissue
provided by thei-th tissue is equal to that exerted by jkHé tissue to tha-th tissue. This
requires iteration through symmetric matrices stgrfrom their spectral decomposition for
which we propose a simple algorithm.

Recalling Eqg. (27), we constrai8 so that A is a symmetric matrix where& is
orthogonal since a real matrix is symmetric if amly if it has an orthonormal basis of
eigenvectors [52]. Thus, we have

A =SDS*'=9DS'. (30)
Let U,,i=1,2,.. n, be the generic column vectors ®fwhich are eigenvectors &k . First, we

arbitrarily choosen-1 components,f :[w}wf--.wi”‘l],i =1,2... n, for each column ofS.

Then, we rescale for a known scalar greater thaair tiicuclidean norm, so that

A

r = Kr|I|F|| ,i=12,.. n, with K>1. If, for example, we suppose th&t=1.1, we compute the
2

last componentdu,|, =1,i=1,2,.. n. We apply the modified Gram-Schmidt process [49] a

derive then-th column of the orthogon& matrix makingA symmetric.
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Model Calibration: Maximum Likelihood Estimation

Maximum likelihood is a statistical method used ¢omparing the relative goodness of
fit of models to given calibration data [7, 56, 5We review this method below to show how it
relates to DCS probabilities estimated in the presisections.

Equation (9) expresses the probability that ardesperiences DCS. The probability of
not experiencing DCS plus the probability of expeding DCS must equal one by the law of
total probability implying that

P =e"". (31)
Suppose that our calibration data consistDofdives with known outcomes. The likelihood

function of the entire data set is the joint pralighbof observing the entire trial,
L (trial) = P (obs ) P( obs 2--- P( ob®) (32)
as reported in [7]. The probability of observing ih event withj =1,... ,D is
P(obsj) =P, (divej)” P,( divej)™ j= 12, D (33)
where ¢, is the outcome variable and equal to one for RGS and zero for no DCS. A

marginal DCS event was weighted as 0.1 full DCSef@ comparison with Goldman'’s results
[40] although Howleet al. [58] argued that marginal events should not bed use DCS
parameter calibration; an assertion that was lateestigated by Murphyet al. [59] for
generating iso-risk air diving schedules, whereesalvoptimal ascent schedules have been
obtained, for a given tolerated risk of develop@S.

The natural logarithm of the likelihood is usedawoid extremely low values as this
monotonic transformation preserves the order of ftheetion [7]. Therefore, the natural log

likelihood (LL) of the calibration data is estimdteith the following expression:
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LL (trial) = glog [P(obsj)]. (34)

Although not explicitly expressed in Eq. (34), thle value depends on the model parameters
through probability estimates and observed outconies find the parameter values that
maximize Eq.(34), we have to solve an optimizafiooblem. We note that Eq. (34) generally
constitutes a nonlinear non-convex optimization,kimg it difficult to solve with local
optimization methods, based on the gradient desdmdause they can be trapped in local
minima [60, 61]; thus we adopted the Nelder-Meabaihm [62] chosen for its robustness and
ability to handle ill-conditioned problems. It isowh noting that, as an alternative to log
likelihood maximization, Bayesian methods have mdgebeen shown to be beneficial in

optimizing probabilistic decompression sickness el®§63].

RESULTSAND DISCUSSION

Having derived general solutions to the intercated tissue model, we now apply these
solutions with a large calibration data set knowi'BIG292" [64]. Our objective is to evaluate
how the sub-set of the general model derived byd@ah [40] will extrapolate to this larger
dataset and to compare these results with the rpeaifice of the general model. First, we
describe the data and then fit Goldman's most geémeodel (3CG) to this data set. Next, we
describe four novel interconnected models andhésée to BIG292. Last, we compare all models
with the equivalent independent tissue model (ERQ, [51]) to verify whether the extra
parameters of the new models are justifiable bylitedihood ratio test. Finally, we examine
how well all models extrapolate (predict the obednoutcomes) of data not included in the

BIG292 calibration data.
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The conditions through which the dives are conellichay greatly impact, among other
factors, the rate of blood circulation, which -unrt- affect the amount of excess nitrogen given
off through the lungs [5], thus ultimately influeng the likelihood of being affected by DCS.
Therefore, it is pivotal to rely on high qualitytdareporting the circumstances under which
dives occurred, to have a proper calibration of D@&lels. Moreover, it is crucial to have a
consistent definition of DCS events, throughout shedy. For collecting the data constituting
the BIG292, Weathersbgt al “developed a set of diagnostic criteria [...] to seras a
retrospective tool in determining what symptoms a&nghs were to be regarded as DCS".
Furthermore, the conditions under which the divesuaed are clearly identified; for example:
dry dives, where variation between subjects is mahi and the time-depth profile is finely
controlled versus wet dive where a less controegironment is present and exercise and
thermal factors influence represent nuisance viesab

The U.S. Navy has used BIG292 extensively forbeating probabilistic decompression
models. It consists of 3,322 Air and Oxygen-Nitnegexposures resulting in 190 full DCS and
110 marginal DCS cases. The BIG292 dive data,thegewnith thousands of additional dive
trials are publicly available in two U.S. Governmheaports [64, 65]. Because these data are
randomized, de-identified, and publicly availabie, IRB approval was required for this study.
The data were collected by the U.S., U.K. and Ceamagchilitary facilities from 1944 to 1997 and
include detailed time-depth histories, inspired(ggas gas switches, and case reports for divers
with full or marginal DCS. To be consistent with I&man’s approach, we weighted marginal
DCS as 0.1 but did not consider symptom onset ti@le€onversely, the risk thresholds, vector
b in Eg. (8), was not set priori and was included in the models to be optimizederaas

Goldman fixed it to 0.021 [40].
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When we evaluated the 3CG model on BIG292 usiegptiblished optimal parameter
set, it predicted zero DCS probability on 73 diveffes where DCS does occur. This is
described asnodel failure. We attempted to re-optimize this model using af@ementioned
parameter set as the starting point for the op#tion but were unsuccessful again. Finally, we
sampled the likelihood function and adopted moenth10,000 random starting points chosen
from a pseudo random uniform distribution aroung dptimal set with a range of 1/4 to 4 times
the optimal parameter values. Again, this resuhetiodel failure leading us to conclude that the
3CG model will not fit the BIG292 data set withenbdel modification.

Next, we evaluated four novel interconnected modblsed on the spectral
decomposition described in the previous sectiome Models differed depending on assumptions
pertaining to the eigenvector matr& We examined three tissue models that differed from
Goldman in that all compartments were DCS-riskvacti

The following forms for the eigenvector matrix wetonsidered: 1) Upper Triangular
(UT); 2) SKew-symmetric (SK); 3) SYmmetric (SY); ®eNeral (GN). UT also produces an
upper triangular tissue matrix: since Sfis upper triangular, theA will necessarily also be so.
This will make interpretation of the physical elerteemore direct, because the eigenvalues of an
upper triangular matrix can be promptly read on h&trix main diagonal. Also, since the
tissues are ordered according to increasing eid@@sathis model assumes that the contribution
of faster tissues to slower tissues may be neglecteestimating the DCS risk: because, for

definition of an upper triangular matrix, we habatta, =0 if i > j. SK and SY were adopted

to investigate whether algebraic constraints oneligenvector matrix may be compatible with
the data or may have better extrapolation promertiehe skew-symmetric matrix refers

exclusively to the components off the main diagosiace the main diagonal of a complete
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skew-symmetric matrix would be all zeros resultimg singular matrix. Finally, the GN model
was the most general model and investigated whetthexxtra parameters were justifiable or
were useful for extrapolation to data not in thibcation data set.

Figure 1 sketches the differences among the EBIdn@an's 3CG and the most general
model introduced in this paper (GN). In the EEldeloand in the models proposed here all
tissue compartments contribute directly to DCS,riskereas in Goldman's models only the
central compartment, characterized by the sma#lggnvalue, has a nonzero risk gain. EE1
does not include any inter-perfusion phenomenonlewBoldman's models assume only inter-
perfusion between an external compartment andehgal compartment; our model generalizes
it and includes connections between any two conmpaits.

For example, consider a simple derivation of tAHeribdel with the optimal set reported
in
Table 1. For the eigenvector matrix, we have posed=1,i=1,2,.. n without loss of

generality, and for the specific model we hgve0, if i>j,i=12,..,n. Once we have

evaluated, we can comput&™ and deriveA, through Eq. (27). Finally, we evaluate the vecto

f, through Eq. (29). Since

1 -0.066 0.57 -0.917 -0.060 0.34 0.629
S=|0 1 -2.899 wegetA=| O -0.008 -0.018 andf =|0.026|.
0 0 1 0 0 -0.002 0.002

The remaining free parameters are the optimal gaihich may be found analytically [66], and
the thresholds as reported in

Tablel.
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Figure 2 schematizes the connections among the tlssues of the UT model. The radii
of the circles reflect the value of the correspogdissue eigenvalues. All relative terms were
scaled for the absolute value of the correspondiggnvalue for each tissue. Arrow thickness
represents the strength of the interaction althdbglfigure is not to scale. The direction of the
arrows indicates the direction of the interactiond positive increment of the relative variable.

For example, the,, term indicates the effect a change in the thsgu tension has on the rate

of change in the second compartment. Since tlwvadeparts from the second tissue, we infer

that a positive increment imp, contributes to a decrement an,. The double arrow &, )

indicates a value roughly double its correspondigenvalue. The other models follow the
same technique and are not discussed. We empltasizany other coupled model may be
expressed through our formulation under the assongbf unique, negative eigenvalues, and a
diagonalizable tissue matrix. We can comgbindD, for example, knowing\ for Goldman's
3CG optimal model. The computeésiwill not always satisfy our assumption of the main
diagonal occupied by ones, however, we can obtaiegaivalent matrix from any representation
of S by dividing each column by its diagonal term. @ldove have a zero on the main diagonal,
it suffices to change the numeration of the colwhour problem since we can exclude a whole
row of zeros becausgis always non-singular.

For all models, we tried at least 128 random ressta search for the best parameter set
using parallel processing and did not consider otisges, as already stated. At first, we
optimized the EE1 model, taken as a benchmark, deetp of three independent tissue
compartments. EE1 has nine adjustable paramdteese tissue time constants, three tissue
gains, and three pressure thresholds. Once wel finenoptimal parameter set for EE1, we used

it as a starting point for all the interconnecteddels. This is possible because all models,
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including EE1, are part of a nested set withinghaeral model so its solutions exist within the
general solution space where the terms of the mi@agonal of the eigenvector matrix are all
ones.

We adopted best optima from the UT, SK and SY nw®edslstarting optimization points

for the GN model. Optimal parameter sets with lalues are shown in
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Table 1. Confidence intervals were computed by inverting likelihood ratio test [67]
using a Monte Carlo method and are reported aati@ms from the optimal value in superscript
and subscript.

Table 2 contrasts the various models using a hkel ratio (LR) test and indicates that
the extra parameters for the coupled models at#igaswith a confidence of at least 95%.
Nevertheless, the SY has a decrement of only OllZinits compared with the GN model
despite GN having three additional parameters, da@es not pass the LR test when compared
with the SY and UT models. However, GN is bettemtthe SK and UT models. This suggests
that SY is the preferred model when fit to BIG292ble 3 provides a detailed description of the
predicted DCS probabilities for all four coupledatets and compares them with the EE1 model.
All models fit the data with reasonable accura@sdul on risk prediction. The results suggest
that the optimized SY outperforms EE1for all diypds except for saturation and multi-level
dives.

To assess the extrapolation properties of the mpae considered 5,163 exposures
comprised of Air and Oxygen-Nitrogen dives and acef Q@ decompression dives that resulted
in 214 full DCS and 329 marginal DCS events. Weaeted this data set, from the original data
sets contained in [55-56] pulling all the data ainhg to the same dive profile, together. Table
4 compares the risk prediction of the four intersected models with EE1. The UT model
clearly out-performs all the other models both lfbrand the number of predicted DCS cases.
Table 4 also reports partial LL values grouped etiog to dive type in an effort to establish
when coupled models may be worse than EE1 or irdiqular model would seem to better
extrapolate for a specific type of dive. The resuldicate that SY (and GN, consequently) also

outperforms EE1 and the abrupt decrement in tla kat is mainly due to poor performance for
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submarine escape dives. On the contrary, UT ifrooed as the best coupled model considered
in this work, and even if it also greatly overesttes the DCS risk for this kind of dive, it is Istil
considerably better than any other model. Conlgr&fE1 still remains the best model when
evaluated on single air dives, both in terms ofdjmtéeng risk and in terms of LL measure.
Overall, the best coupled model, UT, presents agm¢age error less than 5% when estimating
the total number of DCS cases on the whole extatjool set, as opposed to more than 24%
when adopting the equivalent uncoupled model, EEHinally, we observe the superior
predictions for the UT model on surface @compression and higher LL than other models of

similar degrees-of-freedom.

CONCLUSION

We investigated the fitting quality and extrapadati capabilities of coupled
compartmental models for predicting DCS probabilitgompressed gas diving. The motivation
for this work was to investigate certain tissue parnment couplings with am-priori
specification of the coupling structure. Our cagptompartmental models allowed, in the most
general case, for inert gas exchange with the lat@y system and between all individual
compartments. We proposed a new formulation ofdtwepled tissues model based on the
spectral decomposition of the tissue interconnactmatrix and further derived piecewise exact
gas exchange solutions for the new models. Thetes@utions represent a projection of the
original problem onto a space spanned by the egggars of the tissue coupling matrix. In the
space of the projected problem, the "compartmedéouple from one another making the
problem far simpler and faster to optimize. Ouelinonnected models have, as a trivial subset, a
well-tested parallel tissue model (EE1) allowing figorous comparison between our new

models and this previous parallel model. Fourimisttypes of tissue interconnections were
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considered and arose naturally from the form of dffediagonal structure of the eigenvector

matrix. These four classes of interconnected nsodelre the (1) skew-symmetric, (2) general,
(3) upper triangular, and (4) symmetric models.e Bymmetric interconnected model had the
best predictive quality for the training data séh comparison to all four new interconnected
models, the nested parallel model (EE1) was rajeai¢h at least 95% confidence. Although

the best of the inter-connected models to fit thiébcation data was the symmetric model, the
upper triangular model extrapolated better to gixafiles outside of the training data set. The
upper triangular model also outperformed all of dleer models on ©Osurface decompression

dive profiles. There are many extensions of ouv medels yet to be explored, for example, the
use of DCS symptom onset times in optimizing thedet® and gas saturation/bubble phase
change, as well as the introduction of some pes@diz to ensure a minimum good fit to each
subset of DCS for each diving type but the prelamynresults presented in this paper indicate

that our new models are promising for use in pteddiddCS probability and for dive planning.
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705 Table1l Fitted values of the model parameters, eigengalamenvector matrix components,
706 tissue gains, thresholds, and log likelihood fumtind predicted DCS cases for the five models
707 investigated: Exponential-Exponential (EE1), Uppeangular (UT), SKew-symmetric (SK),
708 SYmmetric (SY) and GeNeral (GN). 95% confidencestivdls are reported in superscript and
709 subscript as increments with respect to the optirahie.

710 Parameters EE1 uT SK SY GN
Ay[min] 04245 0017 032001 037 0317
A, o[ min™ | ~0.2145;3 ~0.084 56¢ ~0.1355 40, —0.167;0; —0.167;0:,
A, (10 [min™ | —0.2175;5 ~0.221 ;6 —0.221,55; -0.2295,,, -0.2295;,
S ~0.0660,, ~1.26605 03975y ~0.397) 5,
Si 0.57Z; 05 ~1.099;0;: 0.9537 567 0.9537 62
Sy ~0.397,5;
S -2.8995) -0.503; 03, -0.413550; -0.413; 03¢
Su 0.9537 5,
Sy 0413550
a 021915, 0.02455,5 3.540; 57 0.960; 5, 10705
a, 10 0.670% %0 0.065209%3 0.1820%7 0.18600% 0.19250:5
a, 00 0.186 5o 0.046,, 0z 0.10Z;03 0.145, 05 0.145,05
b [atrr 14275 16 ~0.07600 0.879; 00 0662, 0.662;:;
b, [atm 0.3705 gse 0.435 o7 0.0405,7, 0.383;e; 0.395o¢;
b, (10[ atn] -0.5190;) —0.367.27; 0.355,7;] ~0.606; ;7 ~0.606,77,
LL -705.82 -697.33 -701.15 -692.11 —691.99
Predicted DCS 201.4 200.3 201.1 201.3 201.5
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711 Table2 Model comparison through the log-likelihood difface test. All four multi-exponential

712 models pass the likelihood difference test, whemmared with EE1. We can reject the EE1
713 model, in favor of any of the models including mtissue perfusions for prediction of DCS on
714  the training set (P<0.05). Conversely, the extrgreles of freedom introduced by the GN model
715 are not justifiable at the 5% significance levehen the test is conducted against the SY model.

2 LL difference Extra Degrees of Freedom 95% Livatue 95% Test Passed

UT/EE1 16.98 3 7.81 TRUE
SK/EE1 9.33 3 7.81 TRUE
SY/EE1 27.41 3 7.81 TRUE
GN/EE1 27.65 6 12.59 TRUE
GN/UT 10.67 3 7.81 TRUE
GN/SK 18.32 3 7.81 TRUE
GN/SY 0.24 3 7.81 FALSE
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Table 3 Number of DCS cases predicted by the four muitiemential and the null models for

the calibration data set "BIG 292". The predictesmber of DCS cases are provided for the
groups of dives and analytically for each file grsin the calibration data. All models seem to
adequately fit the calibration data set.

Dives Observed DCS EE1 uT SK SY GN

Single Air
EDU885A 483 30 252 28.0 23.8 28.4 28.5
DC4W 244 8.4 7.7 5.8 7.7 8.0 8.3
SUBX87 58 2 1.9 1.8 25 1.7 1.9
NMRNSW 91 55 7.1 4.4 5.6 5.4 5.4
NSM6HR 57 3.2 4.6 2.4 4.0 3.4 3.4
Total 933 49.1 46.5 424 435 470 47.5
Single Air Decompression
PASA 72 5.2 2.1 3.4 2.6 2.2 2.2
Repetitive air
EDU885AR 182 11 119 111 10.6 115 11.5
DC4WR 12 3 0.6 0.8 0.8 0.7 0.7
PARA 135 7.3 7.9 8.3 8.2 7.3 7.2
Total 329 21.3 204 20.1 19.6 19.5 194
Multi-Level Air
PAMLA 236 14.2 17.7 14.1 17.0 16.5 16.4
Single non-air
NMR8697 477 12.8 18.7 15.9 154 15.3 15.2
EDU885M 81 4 3.6 4.2 3.0 4.6 4.6
EDUB885S 94 4 3.2 4.0 3.7 3.9 3.9
EDU1180S 120 10 6.2 7.9 6.9 9.0 9.1
Total 772 308 3L.7 321 29.0 328 32.8
Repetitive non-air
EDU184 239 11 104 104 13.4 10.9 10.8
Air Saturation
ASATEDU 120 15.7 134 123 10.6 12.0 12.0
ASATNSM 132 20.1 21.0 322 28.9 24.2 24.3
ASATNMR 50 1 5.0 2.2 3.7 4.1 4.1
Total 302 36.8 39.4 46.7 43.3  40.3 40.3
Non-air Saturation
ASATARE 165 21.3 20.3 20.1 18.4 17.5 17.4

Multi-Level SDV; PO2=0.7 Decompressions
PAMLAOD 134 6 8.0 7.1 8.6 10.3 10.2
Multi-Level SDV; PO2=0.7 Transits
PAMLAOS 140 5.3 4.9 3.8 5.8 4.4 4.3
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Table 4 Evaluation of the extrapolation capabilities bé tfive models on a set of data not
included in the calibration data set and comparwith the EE1 model.
results show that the UT model outperforms the roiterconnected compartment models and

the null model on the extrapolation data set.

The Pearson3

Tiemodel performs especially well on, O

surface decompression dives. The other multi-eeptal models (SK, SY, and GN) generalize
more poorly than the null model (EE1) to the exdtapon data. Additionally, the null model
(EE1) is the best performer in the single air catgg

Dives Observed DCS EE1 uT SK SY GN
Single Air
DC4D 797 194 19.1 16.1 22.9 22.6 235
EDU849LT2 141 29.8 16.7 8.1 8.5 10.8 11.0
NMR97NOD 103 3.4 4.2 3.8 4.6 3.1 3.1
EDU545 94 18.7 7.5 7.2 6.6 7.6 7.7
EDU557 568 27 50.8 32.3 314 37.8 38.3
EDU1157 46 15.6 14.9 28.2 11.7 14.4 14.5
EDU1351NL 143 2.7 5.3 35 35 4.3 4.3
NMRNSW?2 91 5.5 7.1 4.4 5.6 5.4 5.4
Total 1983 122.1 1256  103.8 95.0 106.2 107.8
Pearson's’ 0.0951 3.2401 7.7241 2.3957 1.9012
Repetitive air
DC4DR 142 1 4.1 6.5 5.6 4.7 4.7
EDU657Corrected 142 4 11.3 9.2 8.9 9.5 9.5
Total 284 5 15.4 15.6 14.4 14.2 14.2
Pearson’'s’ 7.0109 7.2430 6.1722 5.9404 5.9590
Repetitive/Multilevel Non-Air
EDU1180R 128 2 134 125 13.6 175 175
Pearson's’ 9.6936 8.7888 9.9010 13.7167 13.7276
Air + O2 Decompression
DC8AOW 46 3.1 0.1 0.7 0.7 0.5 0.5
DC8AOD 256 3.2 1.2 3.8 3.3 3.7 3.7
NMR94EOD 284 17.9 8.4 8.2 9.6 10.9 10.9
Total 586 24.2 9.7 12.7 13.6 15.1 151
Pearson’s’ 21.602 10.403 8.3270 5.4575 5.4637
02 Surface Decompression
DC8ASUR 358 10.1 14.7 7.3 7.7 114 11.6
DCSUREP 69 1 1.8 1.0 1.7 1.2 1.2
NMROSUR90 45 1 1.8 11 1.4 1.2 1.2
EDU1351SD 1035 43.3 70.2 47.3 50.5 52.0 52.5
Total 1507 55.4 88.5 56.7 61.3 65.9 66.6
Pearson’'s’ 12.376 0.0293 0.5604 1.6639  1.8690
Surface Decompression
DC8ASURW 46 5 3.7 1.9 2.0 2.9 3.0
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DCSUREPW 69 1 0.4 0.2 0.4 0.3 0.3
EDU545SUR 197 28.2 15.1 15.8 14.4 154 155
NMRASUR90 64 0 5.0 4.9 4.2 4.2 4.2
Total 376 34.2 24.2 22.8 20.9 22.9 23.0
Pearson’s’ 4.0954 5.7615 8.4771 5.6192 5.4830
Submarine Escape

UPS290 299 4 295 11.3 65.8 38.3 41.8
Partial LL 22.014 4.7387 58.038 30.730 34.192
Total DCS 246.9 306.3 2354 284.6 280.0 285.9
Pearson’'s’ 76.890 40.204 99.209 65.523 68.595
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Figure 1 Schematization of the EE1, Goldman's 3CG and GMatso Circles indicate tissue
compartments; if filled they directly contributerisk, otherwise they are associated with no risk.
For Goldman's 3CG model and our GN model, we hahg sketched the external connection
from and to the circulatory system, not to make figere unnecessarily cumbersome; also
Goldman's models have fixed thresholds, as oppdsedll the other models, for which
thresholds are optimized.
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Figure 2 Schematization of the three-interconnected-compant Upper Triangular (UT)
model. Tissues are depicted with circles: the Emé#he radius, the smaller the corresponding
eigenvalue. Radii of the tissue times are not alesdBlack lines are of the order of unity, green
lines are of the order of a tenth, blue lines dréhe order of a hundredth. Tissues are ordered
from most negative to least negative eigenvaluesekample, for the UT model, slower tissues
are not directly affected by faster tissues: int,félee slowest tissue (3) influences the tissue
tension of the other tissues (1 and 2). Arrowsdtiioas are dictated by the sign of the term; so
that a; <Oimplies an arrow going from tissueto tissue | (sinceg, is relative to the influence

of tissue jon i and the arrow shows that pressurej afiminishes for a positive increase on the

pressure in tissui).
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