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Recently, a new cavitation model has been propo•d in which bubble formation in aqueous media is initiated 
by spherical gas nuclei stabilized by surface-active membranes of varying gas permeability. The data which 
originally motivated this development were obtained mainly by subjecting shallow gelatin samples to 
rectangular preSSure schedules consisting of a rapid compression, equilibration of the sample at some constant 
increased pressure, and a rapid decompression. Since the initial pressure was ordinarily less than or equal to 
the final pressure, the magnitude of the initial compression was ordinarily greater than or equal to the 
magnitude of the final decompression. An equivalent statement for this type of schedule is that the initial 
overpressure was generally greater than or equal to the final supersaturation. The purpose of the experiment 
reported here is to test the surfaetant cavitation model in the unexplored domain for which the reverse is true, 
i.e., for which the maximum overpressure is less than the final supersaturation. This domain can be reached 
by using slow-compressions or stepped compressions which permit a significant rise in the dissolved gas 
tension while the ambient pressure is still increasing. 

PACS numbers: 43.35.Ei, 43.25.Yw 

INTRODUCTION 

With the development of the gelatin model by .qtrauss L 
and LeMessurier, 2 a new assault on the related prob- 
lems of inhomogeneous bubble nucleation and exogeneous 
gas bubble disease was begun. Transparent gelatin, 
subjected to various pressure schedules, is especially 
well suited for such a study since it yields a definite 
number of bubbles N that are sf•tionary and can be 
counted and measured. Ultrasonic cavitaiion experi- 
ments, on the other hand, normally detect only bubble 
formation thresholds. •-s That is, they determine acous- 
tic cavitation pressures along the one-dimensional line 
N-1, but they do not explore the two-dimensional 
region Ns 1, which is accessible in gelatin. 

Previous experiments in this series L'e-9 were carried' 
out mainly with rectangular p•essure schedules such as 
that shown in Fig. 1. The maximum overpressure or 
crushing pressure is 

=P., -Po, (lb) 

and the m•ximum supersaturation is 

Ps• = (*- •amJm,•, (2a) 
-•Ps -Pt, (2b) 

where P,,,b is the ambient static pressure, ß is the 
dissolved gas tension, Po is the initial pressure, 
is the maximum pressure, ps =p., is the saturation 
pressure, and Pt is •he final pressure. Since Pt is 
ordinarily greater than or equal to-po , p• is ordi- 
narily less than or equal to 

The purpose of the present investigation is to ex- 
plore the new pressure region defined by 

This region is analogous to that probed in experiments 
which measure the tensile strengths of liquids by sub- 

jecting test samples to negative slatic pressure. 'ø 
Ultrasonic cavitation experiments s-s generally have 
equal compressions and rarefactions and may approxi- 
mate the condition pa• =pc•,sh. tt The region described 
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FIG. 1. Rectangular pressure schedule consisting oœ a 
rapid compression, equilibratiou of the sample a• some 
increased pressure, and a rapid decompression. Since 
the final pressure pt is ordinarily greater than or equal 
to the initial pressurep 0, the maximum supersaturation 
Pss is ordinarily less than or equal to the maximum 
overDr es sure Pcrush ß 
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by Eq. (3b) can be reached in vivo by exposing subjects 
to high altitude or to isobaric counterdiffusion?'" 
Finally; the new region can be studied by using slow 
compressions or stepped compressions which permit a 
significant rise in the dissolved gas tension z while the 

ambient pressure P, mU is still increasing. For the 
schedule shown in Fig. 2, the maximum overpressure 
Pc,u•h occurs on the first step and is simply the magni- 
tude of the initial compression, 4.1 aim. The maxi- 
mum supersaturation is p, -• 20.4 atm >> 4.1 arm. 

Our interest in the variables Pss a•d pc• is due in 
part to the expe. rimen{21 observation s that bubble counts 
in supersaturated gelatin depend only upon these pres- 
sure differences and not upon the absolute pressures 
.per se. Furthermore, since Pc,•,h is determined in a 
stepped compression by that increment which has the 
largest overpressure, any other increments, whether 
they precede or follow the largest, will have no effect. 
These generalizations'are tested in the new pressure 
region along with a recently proposed cavitatlon mod- 
el n .•4 outlined and extended in the Appendix. 

I. MATERIALS, METHODS, AND RESULTS 

The apparatus and procedures used in studying bubble 
formation in supersaturated gelatin are described 
elsewhere in detail. s We mention here only the salient 
features and those respects in which the present ex- 
periment differs from those reported •reviously) 's-• 

[ [ • ] ] , [ , ] [ [ [ 
• $. 25 Hours 

e F// 

i I 

l 

• I S- (r- piM8 ) 

_•1 Ps I I I i I I { I I I I I 

22 

20 

18 

16 

:• 14 

.c: 12 

1o 

4 

2 

2 4 6 8 lO 12 

Time in Hours 

FIG. 2. Stepped compression schedule used to Limit the 
overpreesurepc, u m without affecting the supersaturation 

For this series of runs, a new b•tch, gelatin batch E, 
was prepared and Stored in individual 10-ml aliquots 
by freezing. Bubble counts from a given batch are 
ordinarily reproducible within statistical errors nalcu- 
fated from the squai'e root of the number of bubbles, 
but significant differences have been noted between 
batches, even those mixed with the same stock of gela- 
tin crystals? a'9 Qualitatively, batch E is similar to 
batch A •'a-8 and to batch D, m but there are some quan- 
'titstire differences. Like batch D, • batch E was 
blended from high-yield and low-yield crystals. In 
this case, a low-yield mixture was selected because 
the region p•s >Pcrush tends' to be associated with small 
initial values' of the critical radius for bubble forma- 

tion, and some schedules of interest would otherwise 
produce bubbles too numerous to count. 

Shortly before each run, the contents of one aliquot 
were thawed and piperted into four separate glass 
counting chambers. The four samples, initially free 
of visible bubbles, were then subjected simultaneously 
to a particular pressure schedule causing macroscopic 
bubbles to form. The samples were 4 mm deep, and 
bubbles were counted in the lower 3 ms. This results 

in a fiduclal volume of about 0.4 ml per sample. The 
experimental data thus consist of the bubble counts N 
and their respective pressure schedules. A small 
correction was made for the measured differences in 

fiduclal volume among the counting chambers) 

The mean number of bubbles per sample is plotted 

in Fig. 3 for various combinations of P,m•h and Pss as 
defined, respectively, by Eqs. (la) and (2a). The error 
bars indicate standard deviations from the mean and 

were calculated by combining in quadrature the square_ 
roots of the bubble counts for the individual samples. 
The dashed curves were drawn by eye through th• data 
points for a particular value of Pc, u•- The solid curve 
representing p,• =Pcr,• was obtained by finding on each 
dashed curve that one point for which p•. and Pcm•h are 
the same. Evidently, most of the data points lie in 
the new region p•, >P•,,,h, and the isopleths for constant 
Pc•,h traverse the boundary p• =P•m,h without incident. 
The hypothesis 8 that the bubble counts •V depend only 
upon Pc,,•h and ps• seems still to be viable, and our in- 
terpretation of P•ru,• as the maximum overpressure 
(Pamb-- Z),nax' rather than as the total compression 
(P,,-Po), appears also to be valid. 

II. COMPARISON OF THE EXPERIMENT WITH 
THE SURFACTANT MODEL 

In this section, we compare the experimental data 
in Fig. 3 with a particular type of surfactant cavitation 
model,it.t4 the so-called varying-permeability m,ixiel, 
which is outlined and extended to nonzero skin thick- 

nesses in the Appendix. We shall need only the model 
equations which describe nuclei whose surfactant skins 
are always permeable. In this special case, p,, and 
p•,• are linearly related by the expression [Eq. 
(A•)]"'" 

p., = [2(yc- + (4) 
where 3' is the surface tension, ?c is the crumbling 
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FIG. 3. Number o[ bubbles per 0.4=ml sample versus 

super saturation p•essurepss for six values of the maxi- 
mum overpressurePcrush. Previous experiments were 

limited mainly to •he old regioapss •<P•rush ß Most of the 
present data points lie in the new regionpss>P•ru•. 

compression of the skin, and r2{, is the minimum 
vaine of the nuclear radius above which all nuclei 

originally in the sample will ultimately grow to form 
macroscopic bubbles. 

In comparing the data wiLh Eq. (4), we first obtain 
from Fig. 3 combinations of p** and P•r.sh which give 
fixed bubble numbers, such as N=I, 3, 10, 30, 50, 
100, 200, and 500. The results are replotted in Fig. 4 
to yield Pss versus p•s• for each of the values of N 
selected. As expected, all of the data points in the old 
region and many of those in the new can be described 
by a family of straight lines. 

The second step in our analysis is to draw a set of 
straight lines through the appropriate points in Fig. 4. 
The walues of •C/Y and r2*" in Eq. (4) can now be deter- 
mined {or each straight line by following the procedure 
outlined in the Appendix. The resulting combinations of 
(7c/Y,r?,) are plowed in Fig. 5 and can be described 
by another straight line 

7c/7 = 1 + (7.5r•i"/•m), (5) 

which is of the same form as Eq. (A4) derived from 
thermodynamic equilibrium considerations. u [The unit 
"•m" in Eq. (7) will cancel out when r•, is expressed 
in microns.] 

For a measured surface tension of 8'9 

7 = (51 ñ 5) dyn/cm, (6) 

con•parison of Eqs. (5) and (A4) gives 
•3 o = 765 dyn/cm - p,m, (7) 

where •o is a measure primarily of the difference in 
chemical potential for surfactant molecules in the nu- 
clear skin and in the surrounding reservoir. u Our 
value for 3o is much larger than the result of 143 
dyn/cm- gm for gelatin batch A, u and this may be re- 
lated to our lower bubble yields. More specifically, 
it appears that the low-yield crystals may contain sub- 
stances which alter the relevant chemical potentials 
and decrease the cavitation rates by increasing /3 o. 

The integral radial distribution N(r o >• r• • ) derived 
from our analysis is plotted in Fig. 6. A satisfactory 
parameterization for bubble numbers in the range 
1 •<N• < 50 is obtained wi th an expression of the form u 

N =N O exp(- r• hi"/b), (8) 

which gives 

N (batch E) =265 exp(- r•,/0.0237/•m) (9) 

nuclei or bubbles per 0.4-ml sample. This may be 
compared with 

N(batch A) = 1200 exp(- r•,/0.088 /•m) (10) 

nuclei or bubbles per 0.4-ml sample obtained with batch 
A u and with 

N(batch D) = 380exp(- r2•/0.120 •m) (11) 
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nuclei or bubbles per 0.4-ml sample obtained with 
batch D fi 

As in previous experiments, 8'9'u Fig. 6 exhibits a 
departure from a pure exponential at small initial 
radii min This is not an intrinsic property of the •'0 
primordial radial distribution but results instead from 
a breakdown of the surfactant cavitation model as 

originally formulated. n In particular, it has already 
been suggested that the breakdown occurs because the 
finite thickness of the nuclear membrane has not been 

taken into account. u This is corrected in the Appendix 
by introducing a new parameter, 8, which is interpreted 
as the active skin thickness, i.e., as the thickness of 
that portion of the skin which is capable of supporting 
a pressure gradient. The result from Eq. (AT) is 

p,, = (ylyc){(2•clr?) - [2T/(r• i" + 5)]}, (12) 

where the minimum radius rm?, following the maximum 
overpressure Pc•sh' can be ealeuJated from u 

Potash =2(7c-- Y)[(1/r• rain )-- (1/Y• in )]. (13) 
We apply Eq. (12) to the present data sample as fol- 

lows. First, we assume that the initial radial distribu- 
tion is that given by Eq. (9) and plotted in Fig. 6. Since 
data in the model breakdown region were not used in 
extracting Eq. (9), the empirieal function N(bateh E) is 
insensitive to a finite skin thickness 8. The same 

argument holds for y½ in Eq. (5), which is plotted in 
Fig. 5. In other words, N(bateh E) in Eq. (9) and Yo 
in gq. (5) are regarded as "primordial" functions that 
characterize the nuclei in hatch E before samples are 
subjected to various pressure schedules, and any 
discrepancies revealed later are interpreted as arti- 
facts of our experimental and analytical techniques. 
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FIG. 5. Reciprocal 9 f the slope 3p•/•,,s h =Y/T½ versus 
ß mm 

the initial radius r 0 for the dsshed lines in Fig. 4. A 
linear dependence of Tc/T upon r• un is predicted in Ref. 
11 from thermodynamic equilibrium considerations. 

We next choose a value of N that is less than or 

equal to N O =265 and calculate the corresponding values 
of r• 'i" from Eq. (9) and 7c from EqS. (5) and (6). We 
then select a value of Pc,•h and calculate r• mi" from Eq. 
(13). The uncorrected value of Pss is obtained by setting 
5 equal to zero in Eq. (12), and a tentative corrected 
Value is found by substituting a trial skin thickness 5 
into the same equation. The procedure is repeated 
for different N, Pc,u•h• and 5, and an attempt is made 
to describe all of the data points with the same 5. The 
results for 5 =0 and 5 =0.00025 /•m =2.5 ,fi are indicated 
by the solid and dashed lines, respectively, in Fig. •. 

It is evident from Fig. • that a finite skin thickness 
has very little effect at modest values of p• and 

P•,.•h' It cannot, for example, explain the discrepancies 
at Pc.•h =2.0 arm. However, in the model breakdown 
region (upper right in Fig. 7), the difference between 
the dashed and the solid curves becomes quite large, 
approaching 10 arm in P• for P•.•h =4.1 arm. This re- 
solves the disagreement between theory and experi- 
ment in this region, and a satisfactory description of 
all of the data above .Pc•.•h =2.0 arm is now provided by 
Eq. (12) with õ =2.5 •. It is, in fact, quite remarkable 
that so much has been gained by the introduction of a 
single parameter and parameter value. Furthermore, 
the manner in which • has been introduced is both 

plausible and elementary in the context of the varying- 
permeability model. 
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FIG. 6. Number of bubbles per sample versus minimum 
initial radius r• mn for bubble formation. Within errors 
suggested by the scatter of the data points, the distribu- 
tion is exponential outside the model breakdown region. 
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The quantity 

S :2kT/{•ob (14) 

has been interpreted u as the area occupied by in- 
dividual skin molecules, where • is the Boltzmann 
constant, T is the absolute temperature, and b is de~ 
fined by Eq. (8). For T =294øK, /•o =765 dyn/cm- 
and b =0.0237 pro, we obtain 

S(batch E) =45 ]k'. (15) 

This is similar to the value of 

s(batch A) =65 A 06) 
from batch A u and the value of 

,(batch O)=4S (17) 
from batch D. g 

The magnitudes of the areas S are quite reasonable, 
and (heir consistency from batch to batch is impres- 
sive. Whereas it is easily conceivable that large 
changes could occur in/•o or in b as a result of factors- 
external to the nucleus itself, it would be difficult to 
explain a significant variation in the area occupied by 
an individual tightly-packed skin molecule. Conversely, 
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FIG. 7. Comparison of the original bubble counts with 
model ealcutations in which ¾c is found from Eqs. (5) and 
and (6), and the prhnordiaI radial distribution N(r 0 
>•r• • ) is given by Eq. (9). The solid curves, obtained 
from Eq. (4), correspond to a skin thickness of 6 = 0. 
The dashed curves, calculated from Eqs. (12) and (13), 
correspond to a skin thickness of •=2.5 •. This analy- 
sis resolves the mode[ breakdown (upper right) seen in 
earlier experiments, but discrepancies remain in the 
ne•v region forpcrush = 2.0 arm. 

ff we assume that the area S per skin molecules is 
constant, then it follows from Eq. (14) that any change 
in •o would be matched by a reciprocal change in b. 
The decrease in cavitation rate associated with an in- 

crease in •o would then be due mainly, and perhaps 
entirely, to a steepening of the slope in the radial 
distribution N(ro>• r•"). This, in turn, would be ac- 
companied by a general decrease in nuclear radii, 
including the model breakdown radius. 

ß It has already been noted that the results at Pc• =2.0 
arm are aberrant. The salient features are as fol- 

lows. First, the bobbie counts are all much higher than 
the model extrapolations derived from the rest of the 
data points. Second, the bubble counts at p• =13.6 
arm and at p• =20.4 atto (430 and about 900, respec- 
tively) are much higher even than N O =265 bubbles or 
nuclei per 0.4-ml sample. Third, if we subtract from 
the observed bubble counts at P½,,•h =2.0 atto the number 
expected from the above analysis, we obtain a "radial 
distribution" for the "surplus" nuclei that is not of the 
exponential form given in Eq. (8). These observations 
suggest that we may be dealing with a different type of 
nucleus to which the usual model equations do not 
apply. The "surplus" nuclei are easily crushed and 
must therefore be gasfilled and rather fragile. One 
class of objects that might fit this description is gas- 
filled crevices in suspended dust particles. Other 
types of surfactant nuclei could also be involved. 

III. DISCUSSION 

The distinctive feature of this experiment is the use 
of slow or stepped compressions which limit the over- 

pressure P•,h without affecting the subsequent super- 
saturation p•. Pressure schedules of this type are of 
particular interest because they can be used to investi- 
gate ear[tat[on nuclei of unusually small size. As in 
previous gelatin studies, most of the bubble counts 
reported here are in agreement with a naive surfactant 
model in which nuclei consist of spherical gas phases 
surrounded by a thin skin or membrane that is ordi- 
narily gas permeable. Because of the smallness of the 
critical radii probed, however, many of our data points 
lie in the so-called "model breakdown region." This 
has permitted a systematic analysis of the breakdown 
phenomenon, including a demonstration that the sur- 
factant model works well, even in the breakdown reg- 
ion, when the active skin thickness 5 is taken into ac- 
count. In other words, "breakdown" nuclei are also 
surfactant nuclei, and an elementary extension of the 
naive surfactant model suffices to describe them. 

The experimental value of 5, about 2.5 •,, is too 
small to be the length of an aligned surtactant molecule 
in situ. On the other hand, 2.5 •k could plausibly repre- 
sent the half-width of a spherical-shell potential well, 
whose minimum defines the effective nuclear radius. 

An out•#ard dispiacsment of 2.5 •k 'might then suffice 
to liberate a bound surfactant molecule by dislodging 
its polar head from the active layer. Similarly, since 
the polar heads would be pointing outward, it is plausi- 
ble that the external surface pressure 2y/r is trans- 
mitted through the surrounding reservoir or liquid 
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phase to within 2.5 •, of the effective radius, while the 
aligned hydrocarbon tails, pointing inward, passively 
convey the internal gas pressure to the same region. 
It should be evident from this discussion that a suitable 

basis for interpreting 5 as the "active" skin thickness, 
rather than as the total membrane thickness, can be 
found either in a mechanical-pressure or a chemical- 
potential point of view. This duality is implicit in the 
equations which describe thermodynamic equilibrinm 
of the surfactant molecules and which associate a pres- 
sure gradient with a gradient in chemical potential. • 

Possible implications of the present investigation for 
the etiology and the prevention of exogeneous gas 
bubble disease are discussed in Refs. 12 and 13. Two 

earlier applications of the surfactant caviletlon model 
to decompression sickness in rats and in humans are 
reported in Refs. 15 and 16. 
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APPENDIX: THE SURFACTANT MODEL 

According to the surfactant model, •"t4 bubble forma- 
tion in aqueous media is initiated mainly by spherical 
gas nuclei that are stabilized by elastic skins or mem- 

branes composed of surface-active molecules. An im- 
portant goal of the model is to describe the way nuclear 
radii respond to changes in ambient pressure., For a 
given pressure schedule, one can calculate an initial 
minimum radius r•, above which all nuclei originally 
present in the sample will ultimately grow to form 
macroscopic bubbles. 

It is implicit in the model calculations that nuclei 
per se are neither created nor extinguished by the 
pressure schedule and that the initial ordering accord- 
ing to size is preserved. That is, if nucleus "a" is 
smaller than nucleus "b" at the initial pressure Po, then 
both nuclei are still present in the sample at the final 
pressure pt, and nucleus "a" is still smaller than 
nucleus "b." This is referred to as the "ordering 
hypothesis." It follows that t•e number of bubbles N 
is uniquely associated with a radius r• •" and that one 
can determine from a series of experiments the initial 
integral distribution N(r o >• r• "in). 

The "varying-permeability" model described in Refs. 
11 and 14 is a type of surfactant model in which nu- 
clear skins are initially permeable and become im- 
permeable if Pcrush exceeds some critical value p*-Po- 
All skins are permeable during decompression, and 
any changes in radius which might occur while the 
ambient pressure is held at the saturation pressure p• 
are assumed to be negligible. 

In comparing the data from this experiment with the 
varying-permeability model, only the ever-permeable 
equations corresponding to p•r,sh•p*--Po are required. 
In this region, the. model yields •' .,4 

Psi: [2y(Yc- Y)/r2 i" Yct+ [•r.h(Y/Yc)l, (A1) 
where y is the surface tension, where Yc>0 is the 
"crumbling compression',' i.e., the maximum value of 
the "skin compression" I". and where r2 i" is again 
the minimum value of the inith•l radius r o above which 
all nuclei in the sample will ultimately grow into 
macroscopic bubbles. 

Application of Eq. (A1) to bubble counts in super- 
saturated gelatin 9'• is based on the ordering hypo- 
thesis. The essential idea is that an isopleth of con- 
stent N is determined by the behavior of a single 
"critical" nucleus having fixed values of r• TM and 
Both parameters can hav.e different values for different 
N, i.e., for a different critical nucleus. Eq. (A1) then 
yields a family of straight lines giving Pss versus 
for constant N. 

For each of the straight lines determined in the ex- 
periment, we can extract the slope 

and the intercept pss(p•. h =0)=/)ss(0) to obtain the mini- 
mum radius 

The surface tension y in gelatin has been directly mea- 
sured. 8'9 

Another prediction of the varying-permeability mod- 
r,i, determined el m• is that the combinations of •c and ro 

from the various isopleths of constant N should also be 
linearly related. The particular form, 

= t + (A4) 
has been derived from thermodynamic equilibrium 
considerations, where the constant •3 o is a measure 
primarily of the difference in chemical potential for 
surfactant molecules in the nuclear skin and in the sur- 

rounding reservoir. • 

A breakdown of the varying-permeability model has 
already been reported. s'9'• This breakdown is as- 
sociated with small values of the minimum radius r•{, 

following the maximum overpressure/•=.,•h' and it has 
been suggested that it results from the fact that the 
finite thickness of the nuclear membrane has not been 
taken into account. • 

To remedy this situation, we take advantage of the 
fact that in the varying-permeability model all decom- 
pressions are permeable. The model equation for a 
permeable decompression from p,, to p! is 

-p. = - z) [(1/r? - ], (^ 

where the final radius r• can be found from the Lap- 
lace relation 

p.= /rj (ngb) 
Using Eq. '(ASb) to eliminate r• in Eq. (ASa). we obtain 
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Pss: 2y(yc - Y)/•}""Y c (A6a) 

: O,/vc)[(2vc/r• ) - (2v/r:'")] , (A6b) 

which is valid in both the permeable and the imper- 
meable region. 

We now assume, after applying the overpressure 
p½•,•, •hat the membrane iS characterized by a radius 
•,•,n while the reservoir or surrounding liquid is char- 
acterized by a radius r• •" +5, where 5 is interpreted 
as the "active" skin thickness, i.e., as the thickness 
of that portion of the skin which is capable of sup- 
porting a pressure gradient. Eq. (A6b) should then be 
corrected to give 

Pss = (Y/•c){(2•c/r.m, •") - [2y/(r •. + 5)]•, (A7) 

where ¾c and r2•. can be determined from data in the 
region where Eq. (A1) is valid and r,q i" can be calcu- 
lated from Eq. (13). The active skin thickness is ex- 
pected to be independent of Pss and Pcrusn and it can be 
evaluated by using Eq. (A7) to describe data in the 
region where Eqs. (A1) and (A6b) are breaking down. 
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