Journal of
Marine Science

and Engineering

Article

Robust Prescribed-Time ESO-Based Practical Predefined-Time
SMC for Benthic AUV Trajectory-Tracking Control with
Uncertainties and Environment Disturbance

Yufei Xu *, Ziyang Zhang and Lei Wan

check for
updates

Citation: Xu, Y.; Zhang, Z.; Wan, L.
Robust Prescribed-Time ESO-Based
Practical Predefined-Time SMC for
Benthic AUV Trajectory-Tracking
Control with Uncertainties and
Environment Disturbance. J. Mar. Sci.
Eng. 2024, 12,1014. https://doi.org/
10.3390/jmse12061014

Academic Editor: Sergei Chernyi

Received: 23 May 2024
Revised: 13 June 2024
Accepted: 16 June 2024
Published: 18 June 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Science and Technology on Underwater Vehicle Laboratory, Harbin Engineering University,
Harbin 150001, China; zhangziyang@hrbeu.edu.cn (Z.Z.); wanlei@hrbeu.edu.cn (L.W.)
* Correspondence: xuyufei@hrbeu.edu.cn; Tel.: +86-157-5450-5905

Abstract: The aim of this study is to address the trajectory-tracking control problem of benthic
autonomous underwater vehicles (AUVs) subjected to model uncertainties and extra disturbance. In
order to estimate lumped uncertainties and reconstruction speed information, this paper designs a
robust prescribed-time extended state observer (RPTESO), and its prescribed time can be directly
designed as an explicit parameter, without relying on the initial state of the system and complex
parameter settings. In addition, an adaptive law is designed to improve the robustness of RPTSEO and
reduce overshoot on the premise of ensuring convergence speed. Then, a non-singular robust practical
predefined-time sliding mode control (RPPSMC) considering the hydrodynamic characteristics of
AUV is designed, and the predefined time can be directly set by an explicit parameter. The RPPSMC
is designed based on the lumped uncertainties estimated using RPTESO, so as to improve the
control accuracy of the controller in a complex environment. Theoretical analysis and simulations
demonstrated the effectiveness and superiority of the proposed method.

Keywords: autonomous underwater vehicles; trajectory-tracking control; prescribed-time control;
adaptive control; sliding mode control; predefined-time control

1. Introduction

In recent years, AUVs have been widely used in the field of marine science with
their unmanned and intelligent advantages. As an indispensable key technology of AUVs,
trajectory-tracking control has become a research hotspot at present [1,2]. However, in
the process of the trajectory-tracking control of the AUV, the model uncertainty of the
AUV and various complex external disturbances pose significant challenges to the design
of the controller [3,4]. Therefore, determining whether the designed controller can more
accurately estimate and compensate for the influence of model uncertainty and complex
interference is crucial for improving the control effect. To achieve this goal, many scholars
use disturbance observers to estimate it, and implement the estimation results into the
designed controller for compensation [5]. When an AUV is moving underwater, the position
and speed information are provided via inertial navigation and a Doppler velocimeter, as it
cannot receive GPS signals. However, when the attitude of the AUV changes dramatically
due to extra disturbance, or the distance from the seabed is too high to exceed the effective
measurement range of DVL, the position and velocity information output via inertial
navigation will have a certain deviation [6,7], which is very unfavorable for trajectory-
tracking control. Therefore, it is necessary to reconstruct velocity information and observe
the disturbance information of the AUV system. In this context, extended state observers
(ESOs) have been proposed by some scholars to estimate lumped uncertainties of a system
by considering model uncertainties and external disturbance as a whole [8,9]. In many
tasks, ESO is used to estimate various required state variables of the AUV as a supplement
to related sensors, or directly as a data source for key information.
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Regarding the control method of the AUV, fast control is more meaningful for the
requirements of navigation safety. Some scholars first constructed linear and nonlinear ESO
and proved that they have the characteristics of gradual convergence in theory. However,
their shortcomings included peaking phenomenon and long convergence time [10,11].
Furthermore, finite-time ESOs have been studied [12,13]. However, it is difficult to prove
the convergence time because the initial conditions may not be available. To avoid the limi-
tation of the initial conditions of the system, scholars have studied fixed-time theory [14,15].
However, the upper limit of the convergence time is related to complex parameter selection.
Simultaneously, whether it is finite-time or fixed-time ESO, the set time parameter is only
a conservative upper limit, and this upper limit cannot be set at will according to the
requirements. It needs to be set on the premise of stability proof, and the final upper limit of
convergence time is determined by polynomials containing more parameters. This cannot
satisfy some trajectory-tracking tasks of the AUV, which has strict requirements for con-
vergence time [16]. Therefore, scholars have further proposed the prescribed-time theory,
in which the predicted convergence time directly appears as an independent parameter
in the designed control algorithm and is set at will according to the task needs [17]. Some
scholars studied the state observer with prescribed time and improved the convergence
speed on the premise of ensuring observation accuracy. They proposed a new prescribed-
time observer for a linear system, but only proved the stability of the system within the
prescribed time and did not analyze the stability of the system state after the prescribed
time [18]. Additionally, a distributed prescribed-time observer for a feedback nonlinear
system was designed, and its observation error was bounded [19]. It should be noted that
the aforementioned observers only observe the state, which is not sufficient for an AUV.
To solve this problem, a prescribed-time ESO (PTESO) is proposed to estimate the state
and disturbance simultaneously [20]. However, the process of adjusting the parameters is
very complicated, which is not conducive to engineering applications. In order to simplify
the parameter design process, ref. [21] proposed the PTESO with an adaptive law based
on prescribed performance function (PPF) for estimating the state of the USV. However, if
the state vector of the AUV breaks through the boundary of the PPF, the control system
may collapse. Presently, there are few reports on the application of the PTESO to AUVs.
Therefore, the ability to study the PTESO without complex parameter selection to observe
unknown disturbances and velocity information is of great significance.

In the trajectory-tracking control of AUVs, the significance of the observer is to esti-
mate unknown disturbances and some state quantities, and input them into the trajectory-
tracking controller to improve the control accuracy. Among the many studies on trajectory-
tracking control methods for AUVs, SMC has been widely studied because of its advan-
tages of finite-time convergence, robustness, and insensitivity to uncertainties caused by
externally bounded disturbances and parameter changes [22,23]. To make the controller
converge quickly, scholars continue to improve the SMC method through combining the
finite-time [24], fixed-time [25] and prescribed-time [26] theories. The disadvantages of
fixed-time and finite-time theory are the same as above. Additionally, it is not appropriate
to design a SMC based on prescribed-time theory because it does not consider the dynamic
and kinematic characteristics of AUVs [27].

Considering the abovementioned reasons, a new type of control theory called the
predefined-time theory was proposed [27]. As an explicit parameter, the settling time is
the reciprocal of the gain, and the actual convergence time is not much earlier than the set
time, which can be used more widely. Researchers have combined SMC technology with
predefined-time theory for different control objects. An explicit parameter was designed
for a higher-order integral system to ensure that the system converges at a time which
can be chosen advanced [28]. A SMC which is predefined-time stable was proposed to
improve the robustness of the robot arm [29]. However, because the sign function is used
in common controller designs, the classic chattering problem appears, which affects the
actual control effect [30]. Simultaneously, according to our investigation, research on the
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predefined-time SMC method for AUV is rarely mentioned. Therefore, it is important to
continue studying a predefined-time SMC method which can alleviate chattering.

In summary, this study aims to address the trajectory-tracking problem of AUV
recovery with model uncertainty and external interference. First, based on the prescribed-
time theory, we designed an ESO to observe the velocity and external disturbance, and
designed an adaptive law to enhance the robustness of the observer. The observation
results were used to compensate for the designed predefined-time SMC trajectory-tracking
controller to further improve the robustness under a complex environment. Theoretical
stability proofs under the Lyapunov function were provided. Finally, the proposed scheme
was compared with several existing schemes using a numerical simulation. The results
show that the proposed trajectory-tracking controller exhibits a good performance.

The main contributions of this study focus on the following three aspects:

1. A new RPTESO was proposed to observe the AUV states and lumped disturbances,
and its conservative upper bound of convergence time can be directly designed as only
one explicit parameter, regardless of the initial state. An adaptive law was proposed
to effectively enhance the robustness of the observer.

2. Considering the dynamic and kinematic characteristics of AUV, a new RPPSMC
method was proposed. Additionally, it was proven that the sliding mode surface and
the RPPSMC is predefined-time stable. A new control scheme with strong robustness
was designed in combination with RPTESO.

3. Compared with some existing AUV trajectory-tracking control systems such as those
that are based on finite-time and fixed-time theories, the proposed control scheme
does not require a complicated parameter adjustment process and can flexibly adjust
the convergence time of the system according to the actual requirements.

The remainder of this paper is organized as follows. In Section 2, some prior knowl-
edge required in this study is introduced, and the AUV numerical model is provided along
with the control target. In Section 3, an RPTESO and an RPPSMC are proposed. In Section 4,
the stability of the control system is analyzed. In Section 5, numerical simulations and
comparative experiments are presented to verify the effectiveness and superiority of the
proposed method. The final section summarizes the study.

Notations 1. In brief, Ayin(-) is the minimum eigenvalue of the matrix (-). Amax () is the
maximum eigenvalue of matrix (-). I, € R" " denotes the nth order identity matrix. |x|* £
|x|*sign(x) with a« > 0 and x € R. sign(x) is a signum function.

2. Preliminaries and Problem Formulation
2.1. AUV Mathematical Model

In this section, the hydrodynamic model of a benthic AUV is analyzed [31]. The
coordinate system, as shown in Figure 1, is the earth-fixed coordinate system (E — xpyrzg)
and body-fixed coordinate system (O — xpypzp). # = [x,Y,2,¢,0, gb]T denotes the position
and attitude in E — xgypzg, v = [u,0,w,p,q, r]T denotes the velocities in O — xpypzp. Based
on the abovementioned definitions, the kinematic and kinetic equations can be expressed
as follows:

1 =](n)o, 1)
Mo + C(v)v +D(v)v +g(y) = T+ T, ©)
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Figure 1. Coordinate systems of XH-3000.

In Equation (2), M = M+ M, C(v) = C(v) + C(v), D(v) = D(v) + D(v) and g(1) =
g(n) +8(1). M, C(v), D(v) and g(y7) are nominal parametric terms, whereas M, C(v), D(v)
and g(#) are uncertain terms. 7 is the external disturbance. fis the lumped uncertainty
which is defined as f = —Mv — C(v)v — D(v)v — (1) + T. Equation (2) can be rewritten
as follows:

Mo+ C(v)v+D(v)v+3(y) = T+f, 3)

More details of Equations (1) and (2) can be referred in [31].

Remark 1. In the common AUV at present, the recovery moment in the roll is large, and it is
difficult to make it change greatly in the marine environment, so this paper ignores the roll motion.
The vectors related to AUV state contain other five degrees of freedom.

2.2. Preliminaries

Lemma 1 ([20]). For system x = f(x, t), if the origin of the system is globally uniformly asymp-
totically stable and there exists a bounded function T : R™ — R4 U {0} satisfying x(t,x9) =
0 when t > T(xo), if the constant T can be prescribed, the system can converge in prescribed time T.

Lemma 2 ([32]). For system x = f(x,t), there exists a Lyapunov function V(x) : R" — R (o) sat-
isfying V(0) = 0 and V(x) > 0(Vx # 0). If the derivative of V (x) satisfies
T 1-7

V<=V,

oY )+ T, (4)

where T is the predefined time. 0 < Y < 1,0 < T < oo are the constants. The system is called
predefined-time stable.

Lemma 3 ([33]). For any ¢ > 0 and x; > 0,

N c
N (Z xl-) ,0<c<1
ZX? > =1 N ¢ ’ (5)
=1 N'7(Y x) ,e>1
i=1

Lemma 4 ([29]). For any ¢ > 0, if positive numbers xq and xy satisfy x1 > 2x; there exists

Cc
€ 4C > (x1_x2)/c>1
o xz{(z€-1)(x1—x2)c,o<c<1' ©
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2.3. Control Objective

Considering the AUV numerical model, an RPTESO is proposed, which makes the
observation tracking error dynamics satisfy the prescribed-time stability expressed un-
der model uncertainty and external unknown disturbance. Additionally, we propose an
RPPSMC based on RPTESO whose tracking error can provide coverage to zero within a
predefined time.

3. Main Results

To realize fast tracking of the desired trajectory of the AUV under model perturbation
and environmental disturbance, the main results of this study were divided into two parts.
First, an RPTESO was designed, and then an RPPSMC was designed based on the observed
state variables. The control framework is illustrated in Figure 2.

sliding mode
surface
Eq.(18)-(19

Desired trajectory

RPPSMC laws AUV model %3
Eq.(23)-(24) Eq.(1)-(2)

h

= Lumped
_ &PIESG uncertainties
/A’ — 7 Eq.(16) Eq.(3

Adaptive laws | e 4 .
Eq.(14)-(15) X
Xy, X,

Figure 2. Control framework of the proposed control system.

3.1. Design of RPTESO

Equation (3) suggests that the lumped uncertainty f will affect the accuracy of the AUV
trajectory-tracking control and it cannot be accurately measured. Therefore, a new RPTESO
was designed to observe f, and an adaptive law was designed to enhance the robustness of
RPTESO.

Assumption 1. The control input of AUV and its time derivative are bounded.

Assumption 2. The lumped uncertainty f satisfies ||f]| < f,

naxe fmax 1S @ positive constant.

Remark 2. The control input of AUV is mainly provided by two parts, the environmental distur-
bance and actuator. Because the energy of the marine environment is limited and the energy output
of the AUV actuator is also limited, the control input of the AUV is bounded. The unknown lumped
uncertainty f includes two parts: model uncertainty and external disturbance. The model term is
related to the velocity, because the v and v are bounded, so the model uncertainty is bounded. Hence,
Assumption 1 and 2 are reasonable. In the common AUV at present, the recovery moment in the
roll is large, and it is difficult to make it change greatly in the marine environment, so this paper
ignores the roll motion.

To facilitate the following theoretical derivation, we define x; = 5 and x, = #, and the
AUV numerical models Equations (1)-(3) can be rewritten as

X = )
xo = N(x1,%2) +](x1)]‘71_17 + 4’

where _ |
N(x1,x2) = J(x1)] 'x2 + J(x1 )M (C(x2)x2 + D(x2)x2 + §(x1)), 8)

A=J(x)M 'z, ©)
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where unknown f = N(x1,x;) + A. We define x3 = f; then, model Equation (7) can be
rewritten as

X =%
=x+J(x)M 't , (10)
X3 =f
To ensure the high convergence performance of ESO, we designed a monotonically
increasing function

E(t) = cs? (= — ), (11)

where t is the system time. f; denotes the desired convergence time prescribed by the
designer. E(t) satisfies £(0) = 1 and E(tf) = +oco.

%;(i=1,2,3) is defined as the estimation value of x;(i = 1,2,3). Then, the estimation
error is defined as ey = x1 — &1, e = xp — &, and e3 = x3 — &3. The structure of PTESO for
the system Equation (10) can be constructed as

b= %+ CE()g1er + (1 — £)k K5 [eg |2
_ 1
&y = &3+ J(x))M 1T+f”2( )goe1 + (1 — £)koK3 e |3 (12)
¥s = ¢B3(t)gser + (1 — £)ksKeq]°

where K is a Lipschitz constant satisfying K > fmax, k1 = 3.34k3%, ky = 5.3k3% [34].
gi(i=1,2,3) are the positive coefficient. ¢ is the time switch function defined as

Lte [0,t)

’= 0te [tf,+oo)’

(13)

In the prescribed-time interval t € [O, t f> , the observer is guaranteed to converge using

the function E(t). Then, the PTESO can maintain the error at the originin t € [t fr +oo> [34].

However, the marine environment is complex and changeable. To improve the robust-
ness of PTESO, an adaptive law A = diag{A; ... As} is proposed based on e;. First, A
can be regarded as a gain coefficient. A should be designed as a positive term that always
increases, so as to ensure an effective convergence coefficient, and at the same time, A
should not be too large, otherwise it may lead to excessive overshoot and ultimately affect
the observer estimation effect. A is defined as

A = @, (14)

@, = |e; — Osat(Oey)|, (15)

where O is a positive gain coefficient. Subsequently, Equation (12) can be revised to obtain
RPTESO, which is designed as

&1 =&+ £(AE(Dg1er + A TAer) + (1 — )k K3 e |5)
. - 1
=3+ ()M T+ CN2E2(t)grey + (1 — £)k K3 leg |3 (16)
f5 = CAT (t)gaer + (1 - )ksK ey |°

3.2. Design of a Predefined-Time Sliding Mode Control

In some AUV trajectory-tracking control projects, the tracking error must converge
to the near-zero domain as soon as possible. Therefore, an RPPSMC is proposed based on
the RPTESO proposed in Section 3.1, which enables the AUV to track the expected trajec-
tory within an artificially predefined time under model uncertainties and environmental
disturbances.
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To track the desired trajectory of the AUV, we define the tracking error
xl@ = [x1€1/x1€2/ o '/xlen] as

Xie = X1 — X14, (17)

where x1, is the desired value of x1, and we design the predefined-time sliding mode
surface s as
s = x1¢, + ¥(x1¢;), (18)

-4

1— B 1+ 1
Y(rie) = 5 ((3) 7 e ) 402 ()7 e )T Fare (19)

i=12,--,n
The time derivative of ¥ (x;,) is defined as ¥ (x1,, %1, ), satisfying

M

X _m 51
Le (1= By %+

2Ty

" .
+ e D) +ie, @0)

N~

‘P(xlﬁ/ xl@)

where T is the predefined time and y; > 0 is a positive constant.
Theorem 1. For a positive constant 0. If ||s||, < 0, the s is predefined-time stable.

Proof of Theorem 1. When ||s|, < @, we chose the Lyapunov function as

1
V= ExleTxle/ (21)

Then, taking the time derivative of Equation (21) and invoking Lemma 3, we obtain

V = X1e (S — (xlg))

a

-5 — " 1+
=m£s——"ﬁﬁ<<%> ? [xpei] T + z<%> i) ) — 1T,
T 1-4 1— M 1
<3RBT el P 0 ()T ) @

T T 1.T
—X1e” Xle + X1e x1e+4S S

-5 +5y 4 1
e LS S CRE D 1
By applying Equation (22) and Lemma 2, the tracking error 1, converges to the sliding-
mode surface within the bounds of a predefined time T;.
Based on the predefined-time sliding mode surface Equation (18), RPPSMC can be
designed as follows

T:Mfwﬁ%—T+H+hJ (23)

r 107 w1147 1

— —H2 52 ol _ -
I Bm«) SIg (s) +n2(5)  sig72(s)) =35, (24)

where T is the predefined time and p» > 0 is a positive constant. [

4. Stability Analysis

Theorem 2. For system Equation (10) with the designed RPTESO Equation (16), the state

of the estimation error model can converge in t € {O, tf) and it can maintain at the origin

inte [tf,—i-oo).
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Proof of Theorem 2. In t € [O, t f). According to Equations (12)—(16), the estimation
dynamic error is obtained as

. 2
e1= ey — CAEgrer — FA " Aer — (1 — £)k K3 |eq 3
br = 5 — ¢N2E2g0e; — (1 — O)koKi |er]5 (25)
o3 = f— ¢ AEgze1 — (1 - )i K ey |°
For the convenience of subsequent calculations, we define the alternative errors as
61 = Aeq, &) = ey, and é3 = A~ les. Because A is clearly bounded, then e; = 0 is satisfied

when é; = 0 for i = 1,2, 3. Therefore, Equation (25) can be rewritten as

é] = Aéz - EAglel

8y = Né3 — B2Agoé; , (26)
b3 = A1 f — AT1Ae; — E3Ag36
To simplify the calculation, Equation (26) can be further rewritten as
& = AA® — ABCD® + P, 27)

010
where ® = [¢1,65,63), A= [0 0 1|,B=diag{Z 525}, C=[g1,8,]", D=][10,0],
00

o

P= [o, 0,A~1f — A*1Aé3}.
Then, introducing the state transformation

o = Bo, (28)

where B = diag{ngs,gEz,E}, g is any constant; thus, Because = is a monotonically

increasing function, it satisfies thr? HEH = 4o0o. Then, taking the time derivative of
H
f
Equation (28) yields
® = BP + BP (29)

— E21Q® + AB(A — BCD)B '® + BP '

where Q = diag{3,2,1}. Moreover, ]~3A]~371 = gEA and ]NBBCD]T’r1 = §EGD, where

C= {g—l &2 &}T Thus, it satisfies
- (’g“/ §2/ gS . 7

® = ZE5'Q® + ZAZ(A — CD)® + BP, (30)

[1]

We define a Lyapunov function as

Vi =@'To, (31)
Iy I, I3
where I is a positive definite symmetric matrix definedasT' = [Iy I's TI¢]|.
Iy Tg T9g

Then, taking the time derivative of Equation (31) yields

: ST
V= Id+ TP

=227 107QT® + 2210 TQd , (32)
+EAZ®T (A~ CD) T +T(A - CD)| & + POTT® + STTHP
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Because T’ is a positive definite symmetric matrix, and matrices T, A, C,and D satisfy-
ing the linear matrix inequalities in [19] yields

(A—CD)'T+T(A—CD)<A+AT Y (33)
e1ln <TQ+ QT < eol,

where 7 can be any constant and ¢; and ¢; are the positive constants.
Substituting Equation (33) into Equation (32) yields

Vi <EE- 1<I>TQT1“<I>+”: 1oTrQo

® ; (34)
+EAZA+ A" — 1)
Additionally, we assume A(0) > 1, then A > 1. Using Young's inequality yields
e : - . 12
POTT® + ®TTOP < A~ Ef[2T5, 25, 2T4|® + & A*1AHFmaX <1>H
< e | +z2 1AHrmax 3|’ NS
rmaxfn’\ax) 4+ = 1AHrmaX (I)H

where I'max = {2||T3]|,2||T5||,2||Ts|| } denotes a bounded number. Because A is bounded,

we can easily obtain HA’lAH < ¢, which is a positive constant. Then, we obtain

= (Tmax fmax)”

i + Edl'max

~ 112
q>H . (36)

Combining Equations (34)—(36), we further obtained

~ 112
Vg < EE- EZH(I" +EAFA + AT — yL)

el -

) <1>H

H i E(rmazﬂ E0T max

o

Then, we define { = ZE %, + AZ(2||A]| — 7)E 7 + 027! + 6T maxE~"; Equation (37)
can be rewritten as )
(rmaxfmax)

Vi < (B2
& =6 40

12
@ +=

(38)

To ensure the convergence of ®, it needs to satisfy { < 0 first. Hence, we choose
v > 2|Al +1and § > (EE3), €2+ 0B 4 0TmaxE ! + 1. Owing to the functional
characteristics of Z, it is easy to obtain { < —. Therefore, § > (E27%) ey + 1.

Then, Equation (38) is rewritten as

2 ’&)“2+E(Fmaxfmax)zl (39)

Ve < 18
@ 40

Equation (40) can be obtained by integrating Equation (39)

ot m2
Vg < exp g & (m)dm Vg (to) + Mﬂo exp —tJ, B (s)ds 2 (m)dm

(40)

(Fmaxfmax flfro Ez(s)ds+ﬂ: E2(s)ds =2

[t E2
< exp i &) Vg (to) + i ft; exp E*(m)dm
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In Equation (40), we can obtain a further analysis that satisfies that the following
inequality holds

2 [t =2 m =2
(Fmaz];max) ftt) exp lfto = (S)ds-‘rfto 8% (s)ds Ez(m)dm
r 2t Es)ds b —if"E(s)d -
= Lmmfne) ey T ZO% [ exp H TS a2 s)as)
_ (Fmaxfmax)2 ex 7tftt0 52 (s)ds ox lftglaz(s)ds ¢
401 ) P p to (41)
_ (Fmazlj;rlnax) expilffto &2 (s)ds (eXplfti) 2 (s)ds _1)
2 .
= M(l _ expflftg EZ(S)dS)
401
< (rmaxfmax)2
- 401
Thus, we obtain
[t =2 T 2
Vs < exp o T8y gy Tmanfmax)” “"“Z(J; rl“"“) . 42)

It can prove that V(t) and ®(t) are bounded in t € [0, t f). Furthermore,

2 ls—1x]?
lo))* =B "a|

~— 11121~ 12 (43)
<[5l
According to Rayleigh’s inequalities [35], Equation (43) is rearranged as
~ 12 ~ 12
Ain(D)]| 8| < Vi, < Aman(D) | (44)
Substituting Equation (44) into Equation (43) yields
Ll :
iy (T'max fmax)
Ot 2 o tfy B (m)dm V- (t max Jmax 4
|| ( )” = /\min(r) (exp 0 q;( 0) =+ 401 )/ ( 5)
B satisfies HE(O)_1 H = 1 and tlir? Hﬁ(t)_l H = 0. Meanwhile, in Equation (45),
—tf
2
—lftt EZ(m)dm % (rmaxfmax) . . _ . .
exp ‘% Vg (to) +74(n is bounded. Thus, }Lrg |P(t)|| = 0 is equivalent
to tlir? le;l| = 0(i = 1,2,3), which implies that the estimated errors can converge in f.
—if

Next, considering the situation in t € [t Iz +oo) and the estimation dynamic error for
RPTESO, Equation (25) can be rewritten as

él =€y — k]K% Lelj%

. 1

ey — 63. — sz% Lelj 3. (46)
é3 = f — kgKLele

According to [34], for p > 2n — 1 = 5, if there exists a positive x and a set of gain
parameters k;(i = 1,2,3), a Lyapunov function Vy must exist and satisfy

-1

Vy < —kVy 7. (47)
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The Lyapunov function is chosen as
Vy = Z“/ ]+1 +“3p|93|p (43)

where arbitrary o; > 0(i = 1,2,3),r; =4—i(i =1,2,3),and 6; = %, 0, = kETZK' 05 = ,(2—3[(
From the abovementioned discussion and thr? llei|l = 0(i = 1,2,3), it is easy to determine
—
f
whether the Vv satisfies lim Vy* = 0. According to (Cruz-Zavala and Moreno, 2018), if

p—1

ks > K > fmax, k1 = 3.34k3 3, 5, and ko = 5.3k3 3, 3, then Vy satisfies VY < —xVy 7P <0,
which means that Vy holds Vy = 0int € {t Iz +oo). In means that ||e;|| = 0 was maintained

for the remainder of the period. According to Lemma 1, the RPTESO is prescribed-time
stable. This completes the Proof of Theorem 2. [J

Theorem 3. For the AUV system Equation (7), if RPPSMC Equations (23) and (24) and RPTESO
Equation (16) with suitable parameters are applied, converges to the near-zero domain within a
predefined time T.

Proof of Theorem 3. We define a Lyapunov function as

1
V, = EsTs. (49)

Considering Assumption 2 and the AUV system in Equation (10), the time derivative
of Vi can be described as

Vs = ST(kle + T(.xl e/xle))

= ST(.‘.)&l _kld +1Ij)

=sT(x3 +I(x1)1\717.11' —x,+Y) o (50)
=sT(x3+ (—&3 — ¥+ T144%,) — %, +¥)

= s (e3 +11)

Substituting Equations (23) and (24) into Equation (50), we can obtain

12
< — (D) T STsigh v (s) + ¥ (1) Teigh () -
_*STS—l— %(52 tf%)
1-5 s 1+
=~ ((3) TsTsigh 2 (s) +n2(3) 7 sTsight2(s)) + 56
By applying Lemmas 3 and 4, we obtain the following
n 2—pp n 1+% 17& 17&
sTls)' =Y ls  2(XshH " =2 2V 2, (52)
i=1 i=1
e M, w2 m e
Tt =Ylsl 20 2(s) Z=n 222V 2. ()
i=1 i=
Substituting Equations (52) and (53) into Equation (51) yields
. _K2 L 3 L
Vo< — (D) T2 R R B ()T T T Ry 1) 4 e (54)
I I .
= Tzﬂz(VS TR V) ¢ 263
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By applying Equation (54) and Lemma 2, the s can converge under the bounds T,.
Theorem 3 is proved. [

5. Simulation Verification

In this section, two parts of comparative simulation experiments are described to
demonstrate the effectiveness and superiority of the proposed RPPSMC and RPTESO. In
the first step, RPTESO is compared with the fixed-time ESO to prove its superiority. In the
second step, RPPSMC is compared with fixed-time SMC to prove that RPPSMC has better
control performance. The XH-3000 benthic AUV used in the simulation was designed
and manufactured by the Harbin Engineering University, and its model parameters were
proposed in our previous research [36]. The simulation experiment was performed using
MATLAB, and the simulation step was 0.001 s.

5.1. Comparative Verification with Fixed-Time ESO

The reference trajectory 7, is described as

xg = 10 % cos(0.1¢)
Y4 = 10 % sin(0.1¢)
2 =301t . (55)
9, =0
¥q = 0.1t + 057

The external disturbances are set as

15-sin(0.2t) +5
9-sin(0.3t) + 4
e = |10-sin(0.1t) — 7| . (56)
5-sin(0.2t) + 4
6-sin(0.1¢) — 4

The initial position states of the AUV were set as 179 = [12,3,1, 1/4,0], and the velocity
states were set as 77, = [0,0,0,0,0]. The initial states of the RPTESO were set to &1 = 17,
X = 170, and &3 = [0, 0,0,0, O]. The first simulation experiment was conducted for two
cases, ty = 0.3s and t; = 0.5s, to prove that the proposed method can flexibly accelerate
the convergence speed. Next, for a fairer comparison, a fixed-time ESO was adopted for
the comparison experiment, as described in Equation (57)

X =% +mler) +m LelJﬁl
Xy = X3 +'](x1)Mflr +myler|*? +nple P2 (57)
&3 =mze1 " + nzler |

The controller adopted a fixed-time SMC [37]. The details of the comparison method
are as follows:

T = &(5) (ausig(s)®® + Basig(s)™) " + kg — 23 + 7
s=x1,+7Y
T = E(x1e) (aasig(x1)® + Basigrre) ™)
e4 = 3pa+ 34+ (392 — 3pa)sgn(|xiel| — 1)
M= g+ 500+ (34a — g)sgn(flxie | 1) (58)
E(x1e) = ag+ (1 — ag) exp (—byl|T1[)?
e5 = 3p5+ 395 + (395 — 3ps)sgn(|s| — 1)
As = 2= + 305 + (345 — z-)sgn(|ls[| — 1)
&(s) = as + (1 — as) exp (—bs|5])®
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Because the comparison method was different from the model parameters adopted in
this study, the parameters were readjusted to obtain improved simulation results before
a comparison was made to ensure the fairness of the comparison experiment. The initial
states of the fixed-time ESO were the same as those of RPTESO. The parameters of the
RPTESO, fixed-time ESO, and fixed-time SMC are listed in Table 1.

Table 1. Parameters of comparison method.

Component Value
RPTSESO 91=6, 2 =8, $3=2, K=8, k3 = 10, ® = 10°
1 my = 10, my = 30, m3 = 50, n; = 20, np = 45, n3 = 60,
Fixed-time ESO 0 =10 = 09,03 =08 f1 =12, B =1, 3 = 0.8

a4 = das = 1.5, b4 = b5 = 6, Cy = 05, C5 = 06, Pas = 0.95, q4 = 14, k4 =

Fixed-time SMC 0.95, ps = 05,45 = 1, ks = 1.5, aq = fa = 0.3, a5 = f5 = 8

A trajectory-tracking simulation experiment was conducted without disturbance to
verify the effectiveness of the controller in [37]. As shown in Figure 3, the controller ensures
that the AUV converges to the desired trajectory. Figures 4—6 represent the estimation error
results for the system states using different observers. It can be observed from Figures 4-6
that all three controllers can cause the observation error to converge to the near-zero domain
in a short time. Compared with the fixed-time ESO, the RPTESO has a smaller observation
peak and faster convergence speed. This is because the fixed-time ESO only can obtain a
relatively optimal result by adjusting the other parameters of the observer.

= Fixed-time SMC
== == Desired trajectory

.
2
1
El
o £
-
T -2

& r/]]}

=75
9 -10.0

Figure 3. Three-dimensional trajectory-tracking results.
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Figure 6. The result of estimation errors for lumped uncertainties.

The convergence time of the RPTESO can be designed as an explicit parameter, and
the upper bound of the observer convergence time can be set by the value of ;. The partial
enlargement of Figures 4-6 proves that the actual convergence time of the RPTESO is very
close to the values tf = 0.3s and t; = 0.5s. To further quantify the observer performance
of lumped uncertainties, the values of the integral absolute error (IAE) and integral time-
weighted absolute error (ITAE) of e3 are listed in Table 2. As observed from Table 2, IAE and
IATE with ¢y = 0.3 are smaller than the observer with t; = 0.5. This is because smaller #¢
leads to a faster convergence speed. However, this is due to the lag of lumped uncertainty
observer estimation, which leads to a large overshoot peak in the initial stage of observation,
which shows that t; = 0.5 is only reduced in 3, and even greatly improved in the other
four degrees of freedom which shows that RPTESO has a worse transient performance.
However, in the results of ITAE, the average sum of ITAE of RPTESO is smaller than that of
the fixed-time ESO, which shows that RPPESO has better global steady-state performance
and a higher overall estimation accuracy. Therefore, as a whole, it can be concluded that
the designed RPTESO has a better state estimation performance.

Table 2. IAE and ITAE of three control schemes.

Method e31 e3n e33 e3q es3s
RPTESO with t¢ = 0.3 216 638 979 722 122
IAE = [ [le]ldt RPTESO with t; = 0.5 118 208 344 242 467
Fixed-time ESO 139 771 769 107 19
RPTESO with t¢ = 0.3 206 279 315 229 266
ITAE = [’ t||e||dt RPTESO with tf = 0.5 2.6 36 332 298 338
Fixed-time ESO 1434 1364 153  14.06 1424

In order to illustrate the control performance of the designed adaptive law, the RPTESO
with ¢y = 0.5 and the nonadaptive ESO are compared in further simulation experiments.
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Figure 7 shows the curve of the observation error e3 over time. Because the initial error and
the value of Z(t) were small, the observation performances of the two methods were almost
the same. With increasing time, the adaptive law can be rapidly increased to improve the
convergence speed. In Figure 8, when time approaches ¢, because the value of Z(t) is
already large, the value of the adaptive law increases slowly to avoid overshoot, whereas
the nonadaptive ESO can converge to zero more quickly because of the use of a large
fixed-value coefficient, but there is an obvious overshoot. Therefore, the adaptive law
designed in this study improves the robustness of the observer.
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Figure 7. The result of estimation errors for lumped disturbance in different cases.

t(s)

Figure 8. Curves of the adaptive coefficient A.

5.2. Comparative Verification with Fixed-Time SMC

To verify the control performance of the RPPSMC, two RPPSMCs with different and
fixed-time SMC were compared. Simultaneously, to further illustrate the advantages of
the ESO in dealing with lumped uncertainties, additional simulation experiments were
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performed without compensation from the ESO. The change rate of the AUV’s external
disturbance can be improved as follows:

15 - sin(0.6t) +5
9.sin(0.9¢) + 4
e = |10 -sin(0.3t) — 7|, (59)
5. sin(0.6t) + 4
6-sin(0.3t) —4

The parameters of the reference trajectory, initial AUV state, and fixed-time SMC are
the same as those in Section 5.1. The parameters of the two RPPSMC methods proposed in

this study are listed in Table 3.

Table 3. Parameters of comparison method controllers.

Component Value
RPPSMC-1 T1=13.5,1T=3, 1 = 0.6, up = 0.5
RPPSMC-2 Ty=5.5, Ty= 4.5, y; = 0.6, jiy = 0.5

Figure 9 shows the trajectory-tracking results for the desired trajectory. It shows that
all four methods successfully completed the effective tracking of the desired trajectory
even under a worse environment. The local enlarged figure shows that the two RPPSMCs
proposed in this study can converge to the desired trajectory faster than the two fixed-time
SMCs. This means that the RPPSMC has a better control performance.

—-=Desired trajectory
=== RPPSMC-1
=== RPPSMC(C-2
Fixed-time SMC
=== Fixed-time SMC with no RPTESO

Figure 9. Three-dimensional trajectory-tracking results A.

The position and attitude tracking errors in Figure 10 further confirm similar conclu-
sions in Figure 9. IAE and IAME in Table 4 show that the RPPSMC-1 has a better tracking
performance and steady-state performance than the fixed-time SMC. However, some results
of the IAE and IATE of the RPPSMC-2 are bigger than the fixed-time SMC. This is because
the predefined-time T of RPPSMC-2 is set as larger, leading to a longer actual rising time,
so the value of T cannot be set too large.
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Figure 10. Time evolution of position and attitude tracking errors.
Table 4. IAE and ITAE of three control schemes.
Method Xe Y, Ze 0. e
RPPSMC-1 1.85 243 2.15 0.6 1.81
IAE =f0T||e||dt RPPSMC-2 2.3 3.12 2.83 0.7 2.31
Fixed-time SMC 2.53 3.89 3.44 0.71 2.66
RPPSMC-1 2.37 3.97 1.48 0.53 1.96
T
ITAE :fo t||e||dt RPPSMC-2 6.2 8.3 8.48 0.54 3.51
Fixed-time SMC 6.31 6.41 8.16 0.50 3.22

It can be observed from Figures 9-11 that the controller without ESO compensation
has a slower convergence speed and lower accuracy when tracking the trajectory. Even in
the later stages of control, when the other three methods ensured a stable tracking state,
oscillations still occurred. This is because the controller can only calculate the corresponding
control input according to the current state error but cannot reduce the adverse effects
of lumped uncertainties. When a disturbance affects the state of the AUV, the controller
cannot respond in time. Therefore, it cannot stably fit the expected trajectory at all times.
This implies that it is necessary to design an ESO to observe lumped uncertainties. The
control inputs for the four methods are shown in Figure 12. As shown in the figure, all the
control inputs were bounded and within the power range provided by the AUV. Compared
with the initial control input of the fixed-time SMC, the input of the RPPSMC is larger, and
a smaller predefined time T leads to a larger initial control input because it is necessary to
ensure a faster convergence speed. This also explains why the velocity-tracking error of the
RPPSMC in Figure 11 has a larger peak. Although the control input changes sharply in the
initial stage, it decreases rapidly and tends to stabilize after the tracking error converges to
a small value, which not only ensures convergence speed but also enables the AUV to enter
a relatively stable state as soon as possible. Particularly, the two different RPPSMCs in
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Figures 9-11 show something in common: (1) the system converges within a set predefined
time T; and (2) when a shorter predefined time T was set, the system converged faster,
and the convergence time varied with the given predefined time T. Compared with the
unknown convergence time of the fixed-time SMC, the RPPSMC can set the upper bound
of the convergence time more flexibly by adjusting the explicit parameter T.
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Figure 12. Time evolution of control inputs.
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6. Conclusions

In this study, a predefined-time SMC based on a prescribed-time ESO is proposed
for an AUV trajectory-tracking control. First, to reduce the adverse effects of lumped
uncertainties on the trajectory-tracking control, an RPTESO is designed, and the upper
bound of the observation convergence time can be directly designed as an explicit parameter
instead of relying on the initial conditions or various parameter adjustments. To improve
the robustness of the ESO, an adaptive law is designed to ensure that the observer has a
fast convergence speed and can avoid an excessive overshoot. Second, considering the
requirements of the AUV’s hydrodynamic design and rapid convergence of the trajectory-
tracking deviation, an RPPSMC is designed, and the upper bound of the total convergence
time T can also be directly set as an explicit parameter. A stability theory analysis proved
that the sliding surface and controller meet the predefined-time convergence characteristics.
Finally, the effectiveness and superiority of the proposed algorithm are verified through
simulation experiments.
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