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Dynamics of an Autonomous Underwater Vehicle (AUV) towing another
AUV

ABSTRACT

Omotayo Oladele

This thesis proposes a method to simulate the dynamics of an autonomous underwater ve-
hicle towing another autonomous underwater vehicle of equivalent size using a marine cable
in the vertical and horizontal plane. There is a coupling effect between the two vehicles
because the towed vehicle is of equivalent size. This means that the towed vehicle cannot
be modeled as just a payload but rather, must incorporate the forces and moments expe-
rienced and acting on it. In this work, only AUVs with symmetrical hulls are considered,
where the towing AUV is moving at a constant velocity with a set thrust while the towed
AUV has no thrust. The rope system is another important component that needs to be
modeled correctly because the rope material and type significantly impact the motion of
the vehicles. The rope system in this study is modeled using a numerical approach called
the lumped mass spring damper method which is easy to understand and computationally
inexpensive. The rope model accounts for buoyancy differences in different ropes and per-
mits cable flexibility. This thesis enables us to study the motion of multiple combinations
of different ropes and axi-symmetric types of underwater vehicles with any fixed or movable
fin configuration.



Dynamics of an Autonomous Underwater Vehicle (AUV) towing another
AUV

GENERAL AUDIENCE ABSTRACT

Omotayo Oladele

This thesis studies the motion of an autonomous underwater vehicle towing another au-
tonomous underwater vehicle which is a large as it is. The towed vehicle cannot be assumed
to be just a mass attached to the towing vehicle. There is an interaction between the two
vehicle. The towed vehicle places a force on the towed vehicle and the towed vehicle like-
wise places a force on the towing vehicle. This interaction needs to be modeled correctly
to fully capture the impact of both vehicles and their appendages. Additionally, the rope
system poses a huge impact on the two vehicle depending on what type of rope is selected.
Multiple factors affect the performance of a rope such as the shape and the elasticity. Some
ropes may also be denser due to their material type and are less buoyant than others. These
factors are considered in the modeling of the overall system and allows us to study different
combinations of ropes and symmetric hulled autonomous underwater vehicles.
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Chapter 1

Introduction

Autonomous Unmanned Vehicles (AUV) have a growing demand with the desire to explore
more remote areas of the ocean. Remotely Operated Vehicles (ROV) have previously been
the vehicles of choice but these vehicles have to be tethered to a surface ship which presents
limitations [2]. AUVs on the other hand can be deployed independently from a surface ship.
AUVS can be used to complete missions such as sonar bathymetry of the ocean floor, used
to collect soil sample, inspect underwater structures for damage and search for the wreckage
of missing boats and airplanes. The uses of AUVs keep expanding, thus creating a desire
for improvement in their range and endurance [3]. Different criteria such as energy source,
speed, AUV size and the method of navigation determine the endurance of an AUV [2].
These challenges encourage the demand for innovative solutions.

This thesis is focused on solving some of the aforementioned issues, by developing a ma-
neuvering model to study the dynamics of an AUV which tows a payload of equivalent
size. This payload could be another AUV of equivalent size or a GPS sensor that stays on
the surface to provide better navigation [4]. The model was developed in MATLAB rather
than using commercial dynamic analysis software like Orcaflex. Orcaflex in particular does
not consider the full system of the towing AUV with the rope and the cargo being towed.
In Orcaflex, the system would need to be modeled as individual components and all the
data from these components would need to be placed in MATLAB and solved as a system
[5]. Therefore, the problem is rather all modeled in MATLAB for more flexible control of
all the background processes and calculations that determine the final results.

The maneuvering model was developed in multiple phases, with the initial model solving
for the motion of an individual AUV. The problem was then extended to include a rope
attached to the tail of the towing AUV. The rope had a significant mass which was con-
sidered as the payload. The rope was modeled using a lumped mass spring damper model
where it is divided into equal segments of N links with N+1 nodes connecting the segments
together. As an extension to this model, an additional AUV was included to the system as
the payload being towed. In this case, the towed AUV can be of a significant or equivalent
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mass to the towing vehicle. This configuration presents some difficulty as there would be
need to consider the coupling of the forces from each vehicle [6].

The maneuvering model includes three different sub systems for each component namely,
the towing AUV, the towed AUV and the rope. The dynamics of the system are solved in
a loosely coupled manner where the dynamics of the sub components at each time step are
solved within the subsystems. After-which, the information from all the sub components of
the system are incorporated and processed in a main system framework. The main system
updates the sub systems with the processed dynamics of the whole system in preparation
for the next time step. This process is repeated until the stopping criterion is achieved.
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Chapter 2

Vehicle Dynamic Model

In this chapter, the coordinate system, the forces and the kinematics of the AUVs are
discussed. The system is modeled to contain a towing AUV and a towed AUV, both of
which are modeled identically.

Due to this, most equations and calculations are similar and would only differ when a
specific problem is being solved or tested for. For instance, in this case the specific problem
is to locate the points of attachment of the rope on the vehicles. Another specific concern
may be to accommodate two crafts that are not the same.

For simplicity, this chapter will discuss the vehicle modeling for a generic AUV and the
equations of each vehicle shall be highlighted with emphasis.

2.0.1 Background and Inspiration

This program was designed to be translatable to other applications and crafts. Hence a
prolate spheroid was used. A lot of the assumptions that are made across the thesis can
only be applied to these types of AUVs and would not accurately predict the motion of
others.

The development of the program began with the model AUV as the Virginia Tech 690
AUV which can be seen in Figure (2.1). The AUV is also initially modeled to be in
the horizontal plane and as such, across the thesis, a lot of concepts will be introduced
pertaining to the horizontal plane. In the case where they are different from the vertical
plane, hydrodynamic derivatives for the vertical plane will be specifically mentioned.

2.0.2 Reference Frames

In modeling the vehicle, two reference frames were considered. The Body Reference Frame
(BRF) and the Inertial Reference Frame (IRF). BRF is the reference frame associated with
the vehicle and has six degrees of freedom (DOF) as can be seen in the Figure (2.1). These
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are surge, sway, heave which are the velocities and are represented by u, v, w respectively,
while roll rate, pitch rate and yaw rate are the angular rates and are represented by p, q,
r respectively.

Figure 2.1: Body and Inertial Reference Frame representation of the Vir-
ginia Tech 690 Vehicle

In this study, only three DOF are considered at a time, as the system is constrained into
the horizontal and vertical plane. The framework began with the system constrained in
the horizontal plane and focused on the surge, sway and yaw velocities. The program was
further extended to constrain the motion to the vertical plane to obtain the surge, heave
and pitch velocities.

The BRF solves the kinematics of the vehicle wrt to the center of buoyancy of the vehicle
while the IRF focuses on the position and space the vehicle is navigating in which is earth
in this case. IRF has 6 DOF, x, y, z for the directions and ϕ, θ, ψ for the angles which
are roll, pitch and yaw respectively [7]. When the AUV is studied in the horizontal plane,
only 3 DOF are considered which are the x, y and yaw (ψ). In the vertical plane, the x, z
and pitch (θ) are considered.

Adjustments are made when switching between planes, by modeling the effect of gravity
in the vertical plane using COB and COG specifications. As a result, across the program
x,y and ξ are symbolically used to represent the degrees of freedom in the IRF system and
do not hold the true meaning of the notations mentioned above. This means the symbol
y could be representing the z direction in the IRF if the study is in the vertical plane and
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the symbol ξ could represent the yaw angle in the IRF when the study is in the horizontal
plane.

Conversions between B.R.F and I.R.F are possible with the use of a direction cosine matrix
(DCM), which is utilizes the principles of Euler rotation. This is a form of rotation where
the Euler angles, roll (ϕ), pitch(θ) and yaw(ψ) are used as a way of representing a reference
frame wrt to another reference frame. The Euler rotation is applied using standard vehicle
navigation and control orientation in the z,y,x order [8].

The cosine and sine in the matrix have been replaced with cs and sn respectively and the
full rotational matrix is shown in the matrix 2.1.

RBI =

cs(θ)cs(ψ) −cs(ϕ)sn(ψ) + sn(ϕ)sn(θ)cs(ψ) sn(ϕ)sn(ψ) + cs(ϕ)sn(θ)cs(ϕ)

cs(θ)sn(ψ) cs(ϕ)cs(ψ) + sn(ϕ)sn(θ)sn(ψ) −sn(ϕ)cs(ψ) + cs(ϕ)sn(θ)sn(ϕ)

−sn(θ) sn(ϕ)cs(θ) cs(ϕ)cs(θ)


(2.1)

When only 3 DOF are being considered, the rotational matrix is further simplified to only
utilize the Euler angles for the degrees of freedom being considered, leading to the reduced
matrices in equations (2.2) and (2.3).

RBI,y details the vehicle’s rotation along the z axis, which transforms the vehicle’s motion
from the inertial reference frame to the body reference frame in the horizontal plane.

RBI,y = Rz,ψ =

 cosψ sinψ 0

− sinψ cosψ 0

0 0 1

 RIB,y = (RBI,y)
−1 =

cosψ − sinψ 0

sinψ cosψ 0

0 0 1

 (2.2)

RBI,z details the vehicle’s rotation along the y axis, which transforms the vehicle’s motion
from the inertial reference frame to the body reference frame in the vertical plane.

RBI,z = Ry,θ =

cos θ 0 − sin θ

0 1 0

sin θ 0 cos θ

 RIB,z = (RBI,z)
−1 =

 cos θ 0 sin θ

0 1 0

− sin θ 0 cos θ

 (2.3)
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Orientation of Forces and Moments of the AUV

The main program contains the initial conditions of the rope and AUVs and feeds this
information into the sub codes at the beginning of every time step. In the AUV sub code,
most kinematic calculations are done in the body reference frame as previously mentioned.
The results from these calculations are returned to the main program which solves for the
position of the AUVs in the inertial reference frame and sends it into the rope sub code
where the tug force on the ends of the ropes are solved. The rope sub code primarily solves
in the IRF and its outputs are in the IRF. The multiple conversions between the IRF and
BRF leads to the need for a conversion matrix for the tug force.

An example involves the conversion of given tug forces of the AUVs in each AUV sub
system, from IRF to BRF using the DCM matrix, as depicted in equation (2.4).

[
FxBRF

FyBRF

]
=

[
cos ξ sin ξ

− sin ξ cos ξ

][
FxIRF

FyIRF

]
(2.4)

where FxBRF
and FyBRF

are the forces of the AUV in the x and y directions respectively,
in the BRF and FxIRF

and FyIRF
are the forces of the AUV in the x and y directions

respectively, in the IRF.

The simulation is modeled for the AUV tug force FyBRF
to be applied at the desired point of

attachment on either AUVs. The moment arm is the distance from the point of attachment
of the rope to the center of buoyancy (CB).

Knowing the moment arm is important due to the force from the rope and the moment it
creates on the AUV. The location of CB in this case can be easily found using equation
(2.5) because the vehicle is a symmetrical prolate spheroid.

CB =
lv
2

(2.5)

In Figure 2.2, when the rope is attached to either the nose or tail of the AUV, the moment
arm, larm becomes the distance from the ends of the vehicle to the CB. Making larm = ± lv

2

in this case because CB is centered at midship. The lever arm sign is dependent on the
direction of where the force is applied from CB. When the rope is attached at the tail of
the AUV, the moment arm is negative. If the rope is attached to the CB, then larm will
be 0.
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Figure 2.2: The moment arm runs from the center of gravity of the AUV
to either ends of the AUV when the rope is attached at the ends

The induced moment created by FyBRF
acting on the vehicle is solved by using the moment

equation as shown in (2.6).
MBRF = FyBRF

· larm (2.6)

2.0.3 Hydrodynamic Forces

The hydrodynamic forces are the forces that highlight the effect of lift and drag on the
vehicle’s body and its appendages. The controls on the vehicle impact these forces because
changes to the orientation of the appendages can change the lift and drag profile of the
vehicle. For example, changing the angle of the rudder leads to changes in the hydrody-
namics of the vehicle because the lift and drag forces are proportional to the surface area
of the rudder.

The lift and drag for the AUV are calculated following Kepler et al.[9] which takes inspira-
tion from Hoerner’s approximation where the vehicle is assumed to be a prolate spheroid
with appendages that are flat plates [10]. The lift and drag forces of the body are deter-
mined as shown in equation (2.7)

FL = −1

2
ρArCydu

2 FD = −1

2
ρCDAfr|u|u (2.7)

where ρ is the water density, Cyd is the lift coefficient with respect to the side slip angle
β,CD is the drag coefficient and u is the surge velocity

Afr = π · r2v Ar = (
dv
2
)2 (2.8)
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Afr and Ar are the frontal and reference area of the vehicle respectively and rv and dv are
the radius and diameter of the vehicle respectively.

In equation (2.9), Hoerner estimates Cyd by utilizing the side slip angle β and the length
to diameter ratio of the vehicle as shown in equation (2.9). In equation (2.10), β can be
approximated using the small angle approximation, for cases where |u| >> |v|.

Cyd = (
180

π
)0.003(

lv
dv

)β (2.9)

β ≈ tan(β) = (
v

u
) (2.10)

The coefficient of drag, CD of the vehicle is a function of the Reynolds number of the body.
The vehicle is assumed to be operating in a turbulent regime and CD value is approximated
using equation (2.11).

CD = Cf · [3(
lv
dv

) + 4.5(
dv
lv
)1/2 + 7(

lv
dv

)2] (2.11)

where Cf = 0.004 according to ITTC 1957 is the coefficient of friction.

Contributions from the Appendages

The hydrodynamic contributions from the fins are also determined using Hoerner’s model.
The lift coefficient for the fin is calculated by assuming that the lift force acts on the
centroid of the fin. As given in equation (2.12).

Clfin = −1

2
ρAfClβeu

2 (2.12)

The drag of the fin is modeled assuming a NACA 0009 airfoil profile with a CD0 value of
0.0055. Hoerner solves the problem using equation (2.13).

CDfin
= −4(

1

2
ρCD02Af ) (2.13)

The drag and lift contributions from the appendages are combined with the drag and lift
from the body of the vehicle to determine the total drag and lift profile of the vehicle.

Sub Components of the Hydrodynamic Forces

The summation of the hydrodynamic forces from the body and appendages is partitioned
into sub components. They are represented across the thesis using coefficients to show the
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sub-component on which they are acting on. The coefficients are the partial derivatives of
the force or moment in focus with respect to the velocity or acceleration component. The
Taylor series expansion is given in equations (2.14), (2.15) and (2.16) [11][12]. Here, the
terms are second order and we ignore any terms greater than second order.

∑
X = Xu|u|u|u|+Xu̇u̇+Xwqwq +Xqqqq +Xvrvr +Xrrrr +Xprop (2.14)∑

Y = Yv|v|v|v|+ Yr|r|r|r|+ Yv̇v̇ + Yṙṙ + Yurur + Ywpwp+ Ypqpq

+Yuvuv + Yuuδru
2δr

(2.15)

∑
N = Nv|v|v|v|+Nr|r|r|r|+Nv̇v̇ +Nṙṙ +Nurur +Nwpwp

+Npqpq +Nuvuv +Nuuδru
2δr

(2.16)

Table 2.1 details the non zero coefficients from these equations and details what forces and
moments they affect.

The forces and moments displayed are only for the XY projection. In this study, only
vehicles with top-bottom (XY projection) and port - starboard (XZ projection) symmetry
are considered, which allows the derivation of the XZ projection forces to be similar [12].
When converting from XY to XZ, the signs of some hydrodynamic coefficients changes due
to the change in the direction in which the force is applied. The coefficients involved are
shown in equations (2.17), (2.18), (2.19), (2.20) and (2.21).

Mww = −Nvv (2.17)

Muw = −Nuv (2.18)

Zqq = −Yrr (2.19)

Zuq = −Yur (2.20)

Zq̇ = −Yṙ (2.21)
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Coefficients

Coefficient
Name

Definition

Nvv/Yvv The partial derivative of the moment N or force Y with
respect to v · |v|

Nuv/Yuv The partial derivative of the moment N or force Y with
respect to u · v

Nv̇/Yv̇ The partial derivative of the moment N or force Y with
respect to v̇

Nrr/Yrr The partial derivative of the moment N or force Y with
respect to r · |r|

Nur/Yur The partial derivative of the moment N or force Y with
respect to u · r

Nṙ/Yṙ The partial derivative of the moment N or force Y with
respect to ṙ

Nuuδ/Yuuδ The partial derivative of the moment N or force Y with
respect to u · |u| · δ

Xuuδδ The partial derivative of the moment N or force Y with
respect to u · |u| · δ · |δ|

Xu̇ The partial derivative of the moment N or force Y with
respect to u̇

Xuu The partial derivative of the moment N or force Y with
respect to u · |u|

Table 2.1: Table displaying the meaning of the Hydrodynamic Coefficients

2.0.4 Vehicle Equations of Motion

The dynamics of the vehicle are determined by solving the equations of motion in accor-
dance to Newton’s Second Law [13]. The forces X,Y,Z of the 6 DOF equations of motion
are defined in BRF terms as
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X = m[u̇− vr + wq − xG(q
2 + r2) + yG(pq − ṙ) + zG(pr + q̇)] (2.22)

Y = m[v̇ − wp+ ur + xG(qp+ ṙ)− yG(r
2 + p2) + zG(qr − ṗ)] (2.23)

Z = m[ẇ − uq + vp+ xG(rp− q̇) + yG(rq + ṗ)− zG(p
2 + q2)] (2.24)

The moments, K M and N are detailed in BRF terms for the roll,pitch and yaw respectively,
as

K = Jxṗ+ (Jz − Jy)qr − (ṙ + pq)Jzx + (r2 − q2)Jyz + (pr − q̇)Jxy

+m[yG(ẇ − uq + vp)− zG(v̇ − wp+ ur)]
(2.25)

M = Jy q̇ + (Jy − Jz)rp− (ṗ+ qr)Jxy + (p2 − r2)Jzx + (qp− ṙ)Jyz

−m[xG(ẇ − uq + vp)− zG(u̇− vr + wq)]
(2.26)

N = Jz ṙ + (Jy − Jx)pq − (q̇ + rp)Jyz + (q2 − p2)Jxy + (rq − ṗ)Jzx

+m[xG(v̇ − wp+ ur)− yG(u̇− vr + wq)]
(2.27)

The internal forces acting on the body of the vehicle include the Inertia forces (M), Coriolis
forces (C) and the Damping forces (D). Because this is a coupled system, there are external
forces and moments acting on the body of each AUV. These include contributions from
the rope and the other AUV. Additionally, the forces from the rudder and propeller are
also included in the external forces and moments. The external forces are represented in
the τ matrix. The internal and external forces on the AUV are represented in matrix form
to determine the instantaneous acceleration as shown in equation (2.28).

Mν̇ + C · ν +D · ν = τ (2.28)

where ν̇ represents the acceleration of the vehicle (u̇,v̇,ṙ,ẇ,q̇) and ν represents the velocity
of the vehicle (u,v,r,w,q)

When the vehicle is in the vertical plane, the effect of gravity on the vehicle is accounted
for by adding a gravity force (G) to the equation.
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Mν̇ + C · ν +D · ν +G = τ (2.29)

Internal Forces

The internal forces are concentrated on the body of the AUV and do not incorporate
interactions with other components such as the rope or other AUV.

The generalized mass Inertia Matrix consists of the rigid body inertia matrix and the added
mass/inertia matrix, M =MRB+MA. The same format is followed for the Coriolis matrix
which consists of a rigid Body and an added mass matrix in the form, C = CRB + CA.

The rigid body component corresponds to dry mass form of the vehicle. When the vehicle
moves in water, it creates a pressure induced force due to the disturbance of the fluid [14].
This added disturbance on the surrounding fluid due to the motion of the vehicle must be
accounted for and is represented as the added mass force.

Inertia Matrix

The motion of the vehicle is considered in only one plane at a time. Leading to a reduction
in the degrees of freedom considered to 3 DOF. This reduces the Inertia matrix to become
a 3 x 3 matrix. The Inertia matrix consists of the mass of the vehicle and the moment of
Inertia. The profile of the AUV is assumed to be a cylinder when calculating the moment
of inertia [9][15]. Additionally, the length of the vehicle (lv) and radius of the vehicle (rv)
are approximated to be the length and radius of the cylinder respectively. With these
assumptions, Jx, Jy, Jz can be computed using the equations (2.30).

Jx =
1

2
·m · rv2, Jz = Jy =

m

12
· [3rv2 + lv

2] (2.30)

The inertia matrix of the rigid body and added mass are detailed in equations (2.31) and
(2.32) respectively. The inertia matrix of the added mass is a function of the hydrodynamic
coefficients of the vehicle, which would be further detailed in later sections.

MRB,x =

m 0 0

0 m 0

0 0 Jz

 MRB,z =

 m 0 m · zG
0 m 0

m · zG 0 Jy

 (2.31)

MA,x = −

Xu̇ 0 0

0 Yv̇ Yṙ

0 Yṙ Nṙ

 MA,z = −

Xu̇ 0 0

0 Zẇ Zq̇

0 Zq̇ Mq̇

 (2.32)
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M =MRB +MA (2.33)

Coriolis / Centrifugal Force Matrix The rigid body component of the coriolis force is
represented in equation (2.34).

CRB,x =

 0 0 −m · v
0 0 m · u

m · v −m · u 0

 CRB,z =

 0 0 m · w
0 0 −m(zGq + u)

−m · w m(zGq + u) 0


(2.34)

The system is modeled to incorporate the added mass component of the coriolis force as
shown in equation (2.35).

CA,x = −

 0 0 −(Yv̇ · v + Yṙ · r)
0 0 Xu̇ · u

(Yv̇ · v + Yṙ · r) −Xu̇ · u 0

 (2.35)

CA,z = −

 0 0 (Zẇ · w + Zq̇ · q)
0 0 −Xu̇ · u

−(Zẇ · w + Zq̇ · q) Xu̇ · u 0

 (2.36)

C = CRB + CA (2.37)

Damping Matrix

The damping matrix contains the effects of the hydrodynamic lift and drag affecting the
vehicle. When the vehicle is moving at lower speeds, the drag forces will have a larger
effect on the vehicle than the lift forces.

The damping matrix is shown in equations (2.38) and (2.39) with the corresponding hy-
drodynamic coefficients that correlate to the damping forces on the vehicle.

Dx =

Xuu · |u| 0 0

0 Yvv · |v|+ Yuv · u Yrr · |r|+ Yur · u
0 Nvv · |v|+Nuv · u Nrr · |r|+Nur · u

 (2.38)



14 Chapter 2. Vehicle Dynamic Model

Dz =

Xuu · |u| 0 0

0 Zww · |w|+ Zuw · u Zqq · |q|+ Zuq · u
0 Mww · |w|+Muw · u Mqq · |q|+Muq · u

 (2.39)

Gravity Matrix

Gravity is included on both AUVs and the rope when the system is rotated to the vertical
plane. The effect due to gravity on the rope is discussed in Chapter 3. The AUV requires
an additional component included when modeling the effect of gravity on the vehicle. The
component is the hydrostatic restoring moment. The hydrostatic restoring moment is a
function of zG, which is the distance of the Center of Gravity of the vehicle (CG) from
its Center of Buoyancy (CB) as shown in equation (2.40). zG is an important parameter
when quantifying the stability of a vehicle. A greater separation distance, zG creates a
larger rocking force which could cause the vehicle to become unstable and frequently pitch
up or down. For an AUV towing relatively heavy cargo or another AUV, zG should be an
important criteria to determine if a vehicle can complete a given mission.

The gravity force is shown in the matrix equation (2.40)

G =

 0

0

−g ·m · sin(θ) · zG

 (2.40)

External Forces

The external forces involve the thrust force from the propellers and the input from the ap-
pendages such as the rudder. Changes in the controls of the appendages such as prescribing
a certain rudder deflection angle alter the lift or drag profiles of the appendages. The drag
force on the appendages can become significantly greater and highlights the importance of
modeling the inputs from the appendages accurately. The external forces are detailed in
the τ matrix in equation (2.41).

Additionally, the τ matrix incorporates the tug force of the AUVs on the rope which are
concentrated in the nodes at the ends of the rope. The rope forces on the first and the last
nodes of the rope represent the tug forces of the towing and towed auv respectively. In the
case of the towing vehicle, the tug force is the combination of all the rope forces acting
on the first node of the rope. The tug force relating to the towed vehicle incorporates all
the rope forces acting on the last link of the rope. The tug force of the AUV in focus
is determined from the the rope sub code. In chapter 4 the flow chart of the system is
discussed to detail the order of processes. At the start of the program, the tug force is
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zero because the system begins from rest. This initial zero value is used to solve for the
AUV kinematics in the AUV sub code to obtain their accelerations and velocities. The
accelerations and velocities of the AUVs will be used to solve for the rope tug force in the
next time step of the rope sub code.

The process is repeated for each time step and this new tug force output from the rope
sub code becomes the tug force for the next time step of the AUV sub code. It is applied
in the τ matrix of the AUV sub code as shown in equation (2.41)

The τ matrix also incorporates the induced moment from equation (2.6) which is due to
the tug force can be seen in the last row of the τ matrix.

τ =

FT + FxBRF
+ [Xuudd · u|u| · (δr)2]

FyBRF
+ [Yuud · u|u| · (δr)]

MBRF + [Nuud · u|u| · (δr)]

 (2.41)

where FT is the Thrust force, Xuudd,Yuudd,Nuudd are the rudder hydrodynamic coefficients
which are explained further in the table in appendix A, δr is the prescribed rudder deflection
angle.
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Chapter 3

Rope Dynamic Model

Marine cables are difficult to model and analyze because they are very nonlinear due to
the effects of the fluid drag force acting on them and their geometric configuration [16].
Numerical approaches are the only readily available methods of solving this problem. The
rope tugging the towed AUV is modeled using a finite element approach, lumped mass
spring damper (LMSD) method. The lumped mass spring damper method is straightfor-
ward, versatile and not computationally expensive. In this method, the total mass of the
rope is divided into equally spaced mass segments along the rope.

Accurately defining the boundary conditions in this method is vital to the performance
of the method. Furthermore, the boundary conditions must be followed throughout the
process to avoid error in the results. In this work, the segments of the rope are called the
rope links. Every two adjacent links are connected by circular joints called nodes as shown
in Figure 3.1. The mass of each rope segment is concentrated in the nodes immediately
behind them. While the links possess the forces, positions, velocities and angles, from
which the kinematics of the segments can be calculated.

Figure 3.1: Rope featuring N nodes and N+1 total links with N-1 links
with masses, where the orange colored links on the ends connect to the AUVs
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The rope system is modeled to comprise of N+1 nodes and N links. The AUVs are in-
cluded in the N+1 nodes because they are modeled as the nodes at the ends of the rope.
Additionally, the nodes for the AUVs only carry forces but do not bear any masses. They
can be seen in figure 3.2 where the orange nodes are shown as the AUV connection points.
Because the mass of a rope segment is concentrated in the node that immediately follows
it, this means that the Nth rope segment will not bear a mass because its node is an AUV
node. The program is modeled to cut off the forces and moments for this last rope segment
for all N.

Figure 3.2: Configuration of rope connecting AUVs. Orange links on the
ends are massless as they are in the AUVs

The mass of each rope segment is calculated to reflect the last rope segment being cut off.
The mass of the whole rope is divided by N-1 rather than N, as shown in equation (3.1)

ml =
mr

N − 1
(3.1)

where ml = Mass of Rope Segment, mr = Rope Mass

The length of each rope segment is determined by dividing the total length of the rope by
the number of segments in the rope, as detailed in (3.2).

ll =
lr
N

(3.2)

where N = number of segments, ll = Link Length, lr = Rope Length
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3.0.1 Coordinate System

The motion of the full AUV-Rope system incorporates multiple components which undergo
multiple conversions between the different coordinate systems. Due to the loosely coupled
nature of the full AUV-Rope system, the rope’s motion depends on the other components
and requires coordinate system conversions. The aim is for these coordinate system con-
versions to be as easy to comprehend and straight forward as possible. The rope’s motion
calculation is convoluted and confusion may arise if not careful. The rope follows two co-
ordinate systems like the AUVs, Body Reference Frame (BRF) and the Inertial Reference
Frame (IRF).

Figure 3.3 denotes the conversion of coordinates system. Across the program, the link
attack angles αl, link orientation θl and link heading ψl are used to convert the node and
link coordinate systems for the forces and velocities of the link.

Figure 3.3: Schematic of coordinate system of the rope nodes.

3.0.2 Dynamic Equations

Node Position and Velocity

The rope dynamics are derived mathematically using the position of the links to obtain
the angle and velocity of the rope. The position of each link j is calculated by solving the
average of the position of the node k behind link j and the node k+1 which is ahead of
link j. The approach is detailed in equation (3.3) and is applied to all the nodes and links
to obtain the position of the whole rope.
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xlj =
xnk + xnk+1

2
ylj =

ynk + ynk+1

2
(3.3)

where xlj and ylj are the x and y position of the jth link and xnk and ynk are the x and y
position of the kth node.

Similarly, the same averaging method is implemented to obtain the velocity of the links.

ẋlj =
ẋnk + ẋnk+1

2
ẏlj =

ẏnk + ẏnk+1

2
(3.4)

where ẋlj and ẏlj are the velocity in the x and y direction of the jth link and ẋnk and ẏnk

are the velocity in the x direction of the kth node.

The instantaneous heading, ψl and orientation, θl of the link are functions of the position
of the links . The link heading is the direction in which the center of mass of each link
is moving towards. While the link orientation is the angular position of the link in space.
The attack angle αl is the difference between the link heading and the link orientation. αl
represents the angle of the body relative to the fluid around it, which is water in this case.

αl = θl − ψl (3.5)

where αl is the link attack angle, θl is the link orientation and ψl is the link heading.

θl and ψl are determined using the four quadrant inverse tangent with the atan2 function
in Matlab. This approach ensures that the angles are solved for accurately based on the
quadrant in which the motion occurs in. This method utilizes the x and y positions of the
link and determines which equation is used, as shown in (3.6).

atan2(y, x) =



tan−1( y
x
) x > 0

tan−1( y
x
) + π x < 0 and y ≥ 0

tan−1( y
x
)− π x < 0 and y < 0

π
2

x = 0 and y > 0

−π
2

x = 0 and y > 0

undefined x = 0 and y = 0

(3.6)

Considering the four quadrants, the orientation angle of each link is calculated by calculat-
ing the inverse tangent of the difference between the positions of adjacent nodes as shown
in (3.7)
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θl
j = atan2(ynk − ynk+1 , xnk − xnk+1) (3.7)

Furthermore, the four quadrant inverse tangent is employed to determine the link heading.
Here the method utilizes the x and y velocities of the nodes.

ψl
j = atan2(

ẏnk + ẏnk+1

2
,
ẋnk + ẋnk+1

2
) (3.8)

With knowledge of the link orientation θl, the angular velocity of the links may be deter-
mined, since it is a function of θl. The angular velocity is a vital component for calculating
the angular drag experienced by the rope. In equation (3.9), the formulation to determine
the angular velocity of each link is detailed.

θ̇j =
[(ẏnk − ẏnk+1) · sin θlj + (ẋnk − ẋnk+1) · cos θlj]

ll
(3.9)

where θ̇j is the angular velocity of the link

3.0.3 Rope Forces

There are internal and external forces acting on the rope. The rope is modeled as a spring
mass damper and the internal forces include the tension and damping forces acting on the
rope. While the external forces comprise of a drag force due to the rope’s immersion in a
fluid and the induced moment due to induced drag.

In the horizontal plane, the rope assumed to be neutrally buoyant which means the gravity
and buoyancy forces are equal and opposite. Allowing us to exclude the gravity and
buoyancy forces from the force equations in the horizontal plane. In the vertical plane,
gravity and buoyancy forces are included to completely model the rope forces. The ratio
of the gravity force to the buoyancy force can be specified based on the rope material
employed. This option is included because rope materials vary, as do their densities. To
allow a more robust rope system, the density of a given rope is taken into account and
compared to the density of water to find this gravity to buoyancy ratio, which we identify
as the percentage of buoyancy.

Pb =
(ρwater − ρrope)

ρrope
· 100 (3.10)

where Pb is the percent buoyancy and ρwater and ρrope are the densities of water and rope
respectively
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Internal Forces

Tension

The tension force in the program includes the elastic tension and the viscous tension forces.
The viscous tension force is due to the damping effect on the rope while the elastic tension
is due to the spring-like nature of the rope. The axial tension comprises of these two forces
as shown in equation (3.11). The tension force is modeled following Huang’s findings in
[16].

Ta = Te + Tv (3.11)

where Ta = Axial Tension, Te = Elastic Tension, Tv = Viscous Tension

The elastic tension force is derived using Hooke’s law that states that the tension force is
proportional to the size of the deformed area. The deformed area can be determined by
assuming the rope is a cylinder and the deformed area is the cross sectional area of the
cylinder as shown in equation (3.12).

Ar = πr2r (3.12)

Following the findings of Huang, the elastic tension (TE) is given by equation (3.13).

Te = EAr · lsr (3.13)

where E is the Young’s modulus of the rope material and lsr is the stretch ratio of the
links.

Employing the stretch length of the links, the stretch ratio of the links can be determined.
In equation(3.14) the stretch length of each rope segments is calculated from the position
of the two nodes attached to each link.

lls =
√

(xnk − xnk+1)2 + (ynk − ynk+1)2 (3.14)

where lls is the stretched length of the rope segment

With knowledge of the stretched link length at each instant, the stretch ratio can be
calculated by finding the difference of the unstretched link length and the stretched link
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length.

lsr =
lls − ll
ll

(3.15)

The viscous tension force which behaves as a dampening force is calculated by multiplying
the link stretch velocity by the internal viscous damping coefficient, Cv . Cv is dependent
on the type of rope utilized and must be specified accordingly to accurately determine the
viscous tension. Selecting a rope with a large or inadequate Cv value for the chosen AUVs
in a given mission will lead to issues in the simulation.

Tv = Cv · lSV (3.16)

The direction in which Tv acts is dependent on the direction in which the links are being
stretched and must be preserved. To derive the appropriate sign of the stretch velocity of
the rope segments, the approximate result of the position of the links at the next time step
is solved for using a very small time step, ∆tD of 1e-20 with Euler’s Method for each link.

xt+1 = xt + ẋt ·∆tD yt+1 = yt + ẏt ·∆tD (3.17)

where ẋt+1 and ẋt+1 represents the position of each node at time t in the x and y component.

Furthermore, the magnitude of the stretched length of the link for the next time step lt+1
ls

is calculated using the norm function in Matlab

lt+1
ls = ||xt+1, yt+1||... for each link k (3.18)

Finally, the link stretch velocity can be solved for by using the sign of the difference of the
stretched length at time t and that of the next time step, time t+ 1

lSV = sign(lt+1
ls − ltls) ·

√
(ẋnk − ẋnk+1)2 + (ẏnk − ẏnk+1)2 (3.19)

where lSV is the Link Stretch Velocity

The total axial tension force is computed as detailed in equations (3.11). The total axial
tension force finally needs to be converted from the links to the nodes and from the BRF
to the IRF.

T kax = T ja · cos θ
j
l − T j+1

a · cos θj+1
l (3.20)
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T kay = T ja · sin θ
j
l − T j+1

a · sin θj+1
l (3.21)

where T kax and T kay are the total axial tension force of the kth node and T jax and T jay are the
total axial tension force of the jth link.

External Forces

Fluid Drag

The drag on the rope is resolved into two components, the tangential drag and normal
drag. Both components are functions of the velocities of the links and their respective drag
coefficients [16].

The tangential drag coefficient is modeled following Kepler in [9], which draws inspiration
from findings in Reid and Wilson [17].

Ct = 2 · ( Cvk
ln( 120

s/Rr
)
)2 (3.22)

where Cvk = 0.4 is the von Karman constant, and s is the surface roughness diameter.

The modeling of the normal drag coefficient uses Kamman’s findings for the normal drag
coefficient Cj

n [18]. Cj
n is dependent on the flow regime in which the rope travels in. The

flow regime may be determined using the Reynolds Number (Re) of each link as shown in
(3.23) The Reynolds number is a function of the velocity of the AUVs and the rope.

Rej =
ρDr|ẏlj |

µ
(3.23)

where ρ is the density of water, Dr is the diameter of the rope and µ is the dynamic
viscosity of the water.

Kamman details a criteria for Cj
n based on the flow regime from which the correct Cj

n value
can be matched with its respective Reynolds number.

Cj
n =



0 Rej ≤ 0.1

0.45 + 5.93
(Rej)0.33

0.1 < Rej ≤ 400

1.27 400 < Rej ≤ 105

0.3 Rej > 105

(3.24)
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Furthermore, once the tangential and the normal drag for the rope are identified, the drag
is initially solved in the BRF using the equations from [18] in (3.25)

[
Dbf x

Dbf y

]
=

[
−ρπDrllCt|ẋnj |ẋnj

2

−ρπDrllC
j
n|ẏnj |ẏnj

2

]
(3.25)

The link orientation is then employed to enable the conversion of the drag force from BRF
to IRF. The conversion is performed to ease the summation of all the forces.

Dj
x = Dbf x · cos(θl)−Dbf y · sin(θl) Dj

y = Dbf y · cos(θl) +Dbf x · sin(θl) (3.26)

where Dj
x is the drag in the x direction of the jth link and Dj

y is the drag in the y direction
of the jth link.

Fluid Drag Moment

The fluid drag force on the rope creates an induced moment. This moment can be deter-
mined by assuming the rope segments are beams with a load acting on them. The load in
this case, is the fluid drag force on the rope.

Figures 3.4 and 3.6 illustrate the two possible settings that occur as the rope travels. The
first setting includes motion in which the rope may initially only experience a linear drag
force from constant flow. In this setting, there is no moment force acting on the rope and
the rope is not rotating, as shown in Figure 3.4.

Figure 3.4: Illustration of a rope segment when the rope is not rotating
and the fluid flow is uniform.

The second setting involves motion where the rope segment is rotating due to the drag
force acting on it. In this setting, the velocity across the rope segment is non uniform and
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causes the drag force acting across the rope segment to be variable. The moment in this
setting is a function of the drag force. In Figure 3.6, the moment is derived. The lever arm
in which the force acts on is represented by s, which runs from the center to the right end
of the segment.

Figure 3.5: Illustration of a rope segment when the rope has a moment
and is rotating and the fluid flow is variable.

The angular drag force found from this derivation is given by

ljAD = ρDrCn · [−
l4l
64

(θ̇j θ̇j) +
l3l
12

(ẏlj · θ̇j) +
l2l
8
· ẏlj ] (3.27)

where ljAD is the angular drag

The angular drag for the links is further employed to calculate the induced moment force
acting on the links. The sensitivity of the type of rope used is highlighted here because
more rigid materials like steel will possess a bending resistance. The bending moment
(Mob) is added to the angular drag to capture the total angular moment force on each
link.

lAM = ljAD +Mob (3.28)

where lAM is the Node angular Moment and Mob is the bending moment of the material

The total moment force on each link with mass is calculated by using the angular moment
of the nodes and the orientation of the links, which decomposes the angular moment into
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its x and y components in the IRF. Total moment force on the links is converted to the total
moment force on the nodes to be used when solving for the acceleration of the rope. This
is done because the mass is concentrated in the node and we employ Newton’s second law
to determine the acceleration. The conversion is performed by finding the total moment
force difference between neighbouring nodes.

Mk
x =

ll[lAMj · sin θlj − lAMj+1 · sin θlj+1]

2
(3.29)

Mk
y =

ll[−lAMj · cos θlj + lAMj+1 · cos θlj+1]

2
(3.30)

where Mk
x is the moment in the x direction acting on the kth node and Mk

y is the moment
in the y direction acting on the kth node.

Gravity and Buoyancy Forces In the vertical plane, each rope segment experiences
gravity and buoyancy forces which are acting on it. When the rope is neutrally buoyant,
both forces are equal and opposite. Otherwise, the balance of these forces is concentrated
in the percent buoyancy of the rope material. The percent buoyancy can be calculated
using equation (3.10).

Using a rope whose material is denser than water such as steel will have a greater gravity
force effect than that of a synthetic fiber rope which is less dense. The synthetic fiber rope
contrarily, will possess a greater buoyancy force effect. The equation for the gravity and
buoyancy force balance is given in equation (3.31)

gb = ± Pb
100

·ml · g (3.31)

where g is the acceleration due to gravity and is 9.81m/s2

If gb is positive, the rope is positively buoyant and floats due to a greater buoyancy force
than gravity. If gb is negative, the rope is negatively buoyant and sinks due to a greater
gravity force than buoyancy force.

3.0.4 Equations of Motion of the Rope

Newton’s second Law states that the acceleration of the rope is the total force of the rope
divided by the mass of the rope. Because the masses of the rope segments are concentrated
in the nodes, all the rope forces that were calculated in the links should be converted from
link forces to nodal forces. A necessary conversion to permit the application of Newton’s
second law. Additionally, the forces on the nodes at the ends that connect to the two
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AUVs excluded from the equations of motion because these nodes do not possess any
mass, as earlier mentioned. The internal and external forces acting on the rope segments
are summed to determine the total force of each rope segment. The total force acting on
the nodes is dictated in equation (3.32).

F k
x = Dk

x + T kax +Mk
x F k

y = Dk
y + T kay +Mk

y (3.32)

The acceleration of the rope at each segment can be determined by dividing the total nodal
forces by the mass of each rope segment.

ẍnk =
F k
x

ml

ÿnk =
F k
y

ml

(3.33)

where ẍlj and ÿlj are the x and y components of the link acceleration

Rope Forces acting on the AUVs

The tug force from the towing AUV acting on the rope is equal to the summation of the
forces acting on the first link of the rope. This rope forces from the first link acts opposite
to the direction of the tug force from the towing AUV

Fxm = −(T k=1
ax +Dk=1

x ) Fym = −(T k=1
ay +Dk=1

y ) (3.34)

where Fxm and Fym are the x and y forces of the towing AUV respectively

Figure 3.6: Tension Forces on ends of the rope.

The towed AUV on the other hand possesses a tug force acting on the rope which is
equivalent to the total rope forces acting on the last link N.

Fxf = T k=Nax +Dk=N
x Fyf = T k=Nay +Dk=N

y (3.35)
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where Fxf and Fyf are the x and y forces of the towed AUV respectively

The forces from the ends of the rope create an induced moment on the AUVs. The induced
moment is a function of the point of connection of the rope on the vehicle. larm, as
previously stated represents the distance of the connection from CB. The sign of the larm
changes based on if the rope is connected forward or aft of CB. When the rope is connected
at CB, larm is 0 and there is no induced moment. The formulation for the induced moment
acting on the AUVs is detailed in equation (3.36)

Mm = Fym · larmm Mf = Fyf · larmf
(3.36)

where Mm and Mf are the induced moment from the rope acting on the towing vehicle
and the towed vehicle respectively.
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Chapter 4

Overall System Dynamics

The complete AUV-Rope system is a multi-body system, partitioned into individual sub
systems for each AUV and the rope. The system is studied in a loosely coupled fashion in
which the dynamics of each component is solved for using the inputs from the other sub
systems at each time step. For the purpose of this work, the AUV-Rope System follows
the outline of a towing AUV using a rope positioned aft, to tow another AUV. The initial
conditions which include the position and velocity of each vehicle and the rope in the
IRF must be specified. Additionally, the point of attachment of the rope on each AUV
must be specified. The towing vehicle must be assigned a thrust while the towed AUV is
designed to be propelled solely by the towing vehicle and does not utilize any thrust from
the propellers.

In the framework of the system, there are provisions to specify the initial surge (u), sway
(v) and yaw (r) velocities of the towing and towed AUVs in the program. These velocities
can then be converted to IRF, using equations (4.1)

ẋ0 = u0 · cosψ + v0 · sinψ0, ẏ0 = v0 · cosψ0 − u0 · sinψ0, ψ̇0 = r0 (4.1)

where ẋ0, ẏ0, ψ and ψ̇0 are the initial x, y, Euler angle for the horizontal plane (yaw) and
angular velocity of the AUVs respectively. u0, v0 and r0 are the initial surge, sway and yaw
velocities of the AUVs respectively.

The initial position of the towing AUV in the IRF, x0m and y0m represents the location
of the center of buoyancy (C.B) of the vehicle. Similarly, the initial position of the towed
vehicle, x0f and y0f is situated at its center of buoyancy. The starting positions for the
towed vehicle can be deduced from x0m and y0m with the rope length, Lr, the lever arm
of both vehicles, larm, the initial yaw angular offset ψ, of the AUVs and the rope. In the
framework, these variables are utilized to determine the attachment point of the rope on
the towing vehicle, xpm0 and ypm0 . The initial location of the center of buoyancy of the towed
vehicle becomes a function of xpm0 and ypm0 and can determined by following equation (4.2)
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xpm0 = x0m − larmm · cosψm0 ypm0 = y0m − larmm · sinψm0 (4.2)

Additionally, xpm0 and ypm0 as well as the initial rope angle can be utilized to determine
the initial point of attachment of the rope on the towed AUV, xpf0 and ypf0 as shown in
equation (4.3).

xpf0 = xpm0 − Lr · cosψr0 ypf0 = ypm0 − Lr · sinψr0 (4.3)

The initial rope angle is a component of the rope position which specified ahead of the
simulation. In the horizontal plane, the rope is assigned to be 0◦ to demonstrate all
components of the system begin in a straight, level horizontal configuration. When the
motion is rotated to the vertical plane, the rope angle may be specified to the desired angle
needed. In this work, an angle of 90◦ is employed to showcase a straight vertical rope
configuration. Finally, the starting positions of the towed AUV can be deduced from its
rope point of attachment as detailed in equation (4.4)

x0f = xpf0 − larmf
· cosψ0f y0f = ypf0 − larmf

· sinψ0f (4.4)

4.0.1 Program Flow Chart

Because the dynamics of the system are solved in loosely coupled fashion, the system is
sensitive to the order in which the sub systems operate. The sub systems include the
towing AUV, the rope and the towed AUV and chapters 2 and 3 discuss how they are
respectively modeled. These sub systems require a main system where their inputs are
integrated. The flowcharts describe in detail all the processes in both the sub code and the
main program and can be useful manuals for properly understanding the framework.

AUV Sub-system

The initial conditions of the AUVs are contained in the main system and are only exported
to the AUV subsystem on the first time step. For every time step, the AUV sub systems
import the instantaneous BRF velocities (u, v), the angular rate r, as well as the angle
of the vehicle, ψ from the main system. Additionally, the instantaneous tug forces of the
respective vehicles, (Fxm , Fym) and (Fxf , Fyf ), thrust and rudder angle, δr are imported
from the main system. Utilizing these values, the kinematics of the AUV is updated for
the given time step within the AUV sub code. The updated instantaneous velocity and
angular rate of the vehicles in IRF, (ẋ, ẏ) and ψ̇ respectively and acceleration of the AUVs
in the BRF (u̇, v̇, ṙ) are the final results of the AUV sub systems at the end of each time
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step. These results are exported to the main system where the whole AUV-Rope System
dynamics are solved. Within the main system, the results of the AUV subsystems for a
given time step are processed to prepare the AUV subsystem imports for the next time
step. The flowchart for the AUVs sub system is detailed in figure 4.1

Figure 4.1: Flowchart describing the sub system for the towing and towed
AUVs
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Rope Sub-system

Similarly to the AUV subsystem, the states of the rope are imported from the main system
for a given time step. These include the position and velocity of each node in IRF, the
length of the rope (Lr), the mass of each segment (ml) and the number of nodes N in
the rope . Furthermore, the position and velocity of the attachment point of the rope on
the towing AUV and the towed AUV, (xpm0 , ypm0 ) and (xpf0 , yp

f
0) respectively are imported

from the main system. With knowledge of these inputs, the dynamics of the rope and its
interactions with the vehicles can be studied to determine the updated acceleration of the
links in IRF (xlj , ylj) and the updated tug forces on the rope ends from each of the AUVs,
(Fxm , Fym) and (Fxf , Fyf ). The final results of the given time step are exported to the main
system for further analysis. This process is repeated for every time step and is shown in
the flowchart in figure 4.2

Figure 4.2: Flowchart demonstrating the order of processes in the Rope
Sub system
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Main System

The main system is a framework that integrates all the sub components of the system,
and solves the complete AUV-Rope dynamics. The initial conditions of both AUVs and
the rope are specified in the main system. Utilizing the initial position and velocities of
the sub components, the necessary variables for each sub system is determined. The sub
systems utilize these inputs and yield the acceleration of the AUVs and rope as well as the
tug forces on the rope. The acceleration of the rope and AUVs are used to derive their
respective velocities and positions for the next time step. The process is repeated until the
final time of the simulation is reached. The flow chart for the main system framework can
be seen in figure 4.3
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Figure 4.3: Flowchart detailing the Main System Framework

4.0.2 Motion of the Rope Point of Attachment on the AUV

The position and velocity of the AUVs for the next time step are derived using forward
Euler approximation with the acceleration of the AUV at the given time step. This is
outlined in equation (4.5). Before the update occurs, the position and velocity values of
the current time step are stored to enable plotting the system’s trajectory. Forward euler
is an approximation technique and its accuracy is dependent on the chosen time step, dt.
The solution becomes more accurate as dt becomes smaller. Unfortunately, reducing dt

significantly increases the computation time and cost of the simulation.
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xi+1 = xi + ẋi · dt yi+1 = yi + ẏi · dt θi+1 = θi + θ̇i · dt (4.5)

where i is iteration number

Similarly, the BRF velocities for the next time step can be computed using forward euler
approximation as shown in equation (4.6).

ui+1 = ui + u̇i · dt vi+1 = vi + v̇i · dt ri+1 = ri + ṙi · dt (4.6)

The position and velocity of the AUVs are calculated at the C.B of the vehicle. The position
and velocity of the towing vehicle at the rope attachment point can be deduced using the
lever arm of the vehicle, larm. This is denoted by equation (4.7). Here, xpm and ypm are
dependent on the sign of the lever arm and whether the rope is attached forward or aft of
C.B. When attached forward of C.B, larm is negative and when aft of C.B, the lever arm
becomes positive.

xpm = xm ± larmm · cos θm ypm = ym ± larmm · sin θm (4.7)

where xpm and ypm are the x and y positions of rope attachment on the towing AUV
respectively.

The velocity of the towing AUV at the attachment point is given by

ẋpm = ẋm ± larmm · θ̇m · sin θm ẏpm = ẏm ± larmm · θ̇m · cos θm (4.8)

where ẋpm and ẏpm are the x and y velocity of the towing AUV. respectively.

The position and velocity of the rope attachment point on the towed AUV are calculated
similarly to the towing vehicle as shown in (4.9) and (4.10).

xpf = xf ± larmf · cos θf ypf = yf ± larmf · sin θf (4.9)

where xpf and ypf are the x and y positions of rope attachment on the towed AUV
respectively.

ẋpf = ẋf ± larmf · θ̇f · sin θf ẏpf = ẏf ± larmf · θ̇f · cos θf (4.10)

where ẋpf and ẏpf are the x and y velocity of the towed AUV respectively.



36 Chapter 4. Overall System Dynamics

4.0.3 Numerical Stability Improvement Methods

Flexible marine cables present difficulties when modeling due to their non linear nature. A
drawback of the modeling method employed in this work, is the potential for discontinuities
and presence of noise. A rope may withstand tension but not compression. Likewise, LMSD
performs excellently in modeling the rope under tension but declines under compression
[19]. These difficulties are highlighted during motions that forced the rope to compress.
The compressive motions are referred to as pinching motions in the rest of this chapter.

Pinch Motion Correction of Rope Segments

This pinching motion typically occurs when some nodes of the rope begin to veer off the
average direction of the rope causing the rope segments to compress and graze each other.
An example of this scenario is detailed in figure 4.4. This compression creates a significant
amount of vibration in the rope, which can grow and cause further compression until the
whole system fails. A correction to this pinching motion involves setting a max sway value
on the nodes, which once exceeded, the node correction begins and sets the defaulting nodes
back in the correct path. This modification can be achieved by utilizing the velocities of the
surrounding nodes to approximate the correct velocity of the swaying node. This requires
the node velocities to be analyzed along the correct vector path. The vector path is defined
as the direction perpendicular to the line between any three 3 surrounding nodes, j − 1, j
, j + 1. The normal vector is given by

[
nvx

nvy

]
=

 xl(j)−xl(j−1)√
[xl(j)−xl(j−1)]2+[yl(j)−yl(j−1)]2

yl(j)−yl(j−1)√
[xl(j)−xl(j−1)]2+[yl(j)−yl(j−1)]2

 (4.11)

where nvx and nvy are the x and y components of the normal vector

Figure 4.4: Illustration of potential pinching motion during simulation
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The velocity along that normal vector path for each of the 3 surrounding nodes is calculated
to enable their comparison.

V j−1
n =

[
ẋj−1
l

ẏj−1
l

]
·

[
nvx

nvy

]
(4.12)

V j
n =

[
ẋjl
ẏjl

]
·

[
nvx

nvy

]
(4.13)

V j+1
n =

[
ẋj+1
l

ẏj+1
l

]
·

[
nvx

nvy

]
(4.14)

where Vn(j) is the normalized vector at node j

The sway difference value, sd in this case is assigned to be 1m/s but can always be specified
to appropriately match another scenario where the segments experience higher or lower
pinching motions. Based on sd, a criteria for activating the node correction is set and is
shown in equation (4.15)

|V j−1
n − V j

n | > sd < |V j
n − V j+1

n | (4.15)

The velocity of the defaulting rope segment ẋjl , ẏ
j
l is approximated by assuming the despite

uneven stretching across the rope, neighbouring links are of equal length and their nodes
are spaced apart equally. This assumption is made because the rope segments are small due
to the high number of nodes chosen. At lower total number of node values, this assumption
may not be valid. Utilizing this assumption, the velocity of defaulting segment j should
be half of the sum of j − 1 and j + 1.

ẋjl c =
ẋj−1
l + ẋj+1

l

2
, ẏjl c =

ẏj−1
l + ẏj+1

l

2
(4.16)

where ẋjl c and ẏjl c are the corrected link velocities of link j

Improving Accuracy of Forward Euler Approximation

Another potential area where noise may affect the results of the simulation is the value
of the time step, dt. Forward euler approximation is used across the rope to solve for the
motion of the rope and approximate its position and velocity. When dt is large, it saves a
significant amount of computation time and cost but a lot of vibration becomes present.
The vibration becomes compounded because these values are inputs to other values and
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the inaccuracy due to the approximation continues growing. The inaccuracy is significantly
highlighted when the vehicles begin to tug the rope. We incorporated a method to check
this vibration to ensure it never exceeds a certain value. This was achieved by monitoring
the kinetic energy, Ke of the rope, since it behaves like a spring. The Kinetic Energy of
the rope at each time step is calculated using the mass of the segment, ml and the sum of
the link stretch velocity of all of the links, lSV

Kei =
Mn ·

∑k=N
k=1 lSV

2

2
(4.17)

A quality threshold value, qt is assigned. When the difference between the kinetic energy
of the rope of the previous time step, i − 1 and the current iteration i is equal or greater
than qt, dt is halved. The condition for halving is denoted by equation (4.18)

∆Ke ≥ qt, ∆Ke =
[Kei −Kei−1]

dt
(4.18)

where ∆Ke is the difference in the kinetic energy of the iterations, Kei is the kinetic energy
of the rope at iteration, i and dt0 is the current time step

Once dt is halved, the new time step dtn is given by equation (4.19). The simulation
repeats previous iterations with the new time step to prepare better results with less
vibration present. Current time of the simulation, tc is reduced by 20% and rounded to the
nearest integer around that value. This is achieved with the "round" function in MATLAB
as denoted in equation (4.20).

n=
dt

2
(4.19)

tn = round(0.8 · tc) (4.20)

where tn is the new current time for the simulation

4.0.4 Catenary Shape Analysis of the Rope System

The catenary of a cable details the shape of a flexible cable hanging from its ends. The
equation for the catenary of a cable was identified by Gottfried Leibniz, Christiaan Huy-
gens, and Johann Bernoulli in the 16th century. Its applications are vast and include
construction of archs and suspension bridges, as well as mooring systems for ships. Leibniz
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et al developed the equation for the catenary shape of a rope which is given by equation
(4.21) [20][21].

z(x) = a ·

(
e

x
a + e

−x
a

2

)
⇒ z(x) = a · cosh

(x
a

)
(4.21)

where x and z are the x and z positions of the curve respectively and a is the sag parameter
of the rope

The catenary shape of the rope system is assessed using a 50m rope and two AUVs. Here,
the towing AUV is fixed in a static position and does not surge, heave or pitch. The
initial depth of the rope is at the free surface and the rope can move freely in all degrees of
freedom. Under action of all the forces acting on the rope, the rope sinks until it approaches
its steady state position as depicted in figure 4.5. The maximum deflection of the rope
is dependent on different factors such as the length of the rope, the tension in the rope
and the material of the rope. The maximum deflection of the rope can be altered with
modifications to these parameters.

Figure 4.5: Time history of the cable alignment during test

The maximum deflection of the rope occurs around 15m as denoted in figure 4.6. Utilizing
the position of the ends of the ropes and the maximum deflection point, the catenary
equation of the rope can be determined. The traditional catenary equation in equation
(4.21) must be modified to account for this rope not being centered around point(0,0).
This modification requires the use of the x and z vertex points which are symbolized by xc
and zc in equation (4.22).
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z(x) = z(x) + zc = a · cosh
(
x+ xc
a

)
(4.22)

Figure 4.6: Steady state position of rope

Using curve fitting tools, the x and z vertices of the rope can be determined. Additionally,
the sag parameter of the rope can be deduced with knowledge of the vertex of the curve.
Equation (4.23) details the catenary equation for the rope system in its steady state.

z(x) + 29.2587 = 14.7821 · cosh
(
x+ 21.3481

14.7821

)
(4.23)

The cable alignment in the steady state of the rope system is compared to the catenary
equation curve for the rope as denoted in figure 4.7. Both curves depict good agreement be-
tween the catenary equation and rope system while posing some differences. The catenary
curve equation is symmetric and bears no contours. Alternatively, the rope is asymmetric
and presents contours. This is due to the dynamic nature of the rope. Additionally, as dis-
cussed in previous sections, the rope utilizes approximations and its spring damper nature
causes the rope to vibrate. Corrective measures are implemented to reduce these concerns
in more dynamic conditions. In static cases like this, the corrective measures appear to be
less effective and may require more computational cost to bring the rope alignment closer
to the catenary curve.
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Figure 4.7: Comparison of cable alignment of rope and catenary curve of
the rope

However, this static test highlights that the rope system behaves in a catenary fashion and
the framework is robust and performs as expected even in more extreme conditions like
this static case.
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Chapter 5

Assessment of Maneuverability of
AUV-Rope Towing System

Maneuverability is defined as the ability of a vehicle to change its course. In this chapter, we
investigate the maneuverability of the AUV-Rope system following conventional evaluation
methodologies from the International Maritime Organisation. IMO developed standards
to highlight critical qualities that a vessel must possess when its performance is evaluated.
These qualities include the course keeping, the course changing and the turning abilities
of the vehicle [22] .

The AUV-Rope towing system is assessed for maneuverability using three different cases.
The first two motions are focused in the horizontal plane, where the rope is attached to the
stern of the towing vehicle and the bow of the towed vehicle. In the first case, a straight
line test is performed and the towing vehicle tows the towed vehicle from rest without any
rudder deflection to initiate turning. In the second case, the AUV-Rope system begins
from rest and a zigzag maneuver is initiated once full speed is achieved. The AUV-Rope
system employs the rudder of the towing vehicle to introduce the turning motion on the
system.

The third case involves motion in the vertical plane. Here, the towing vehicle travels around
the free surface whilst the towed vehicle is submerged 200m underwater [23].

The hydrodynamic coefficients of the AUVs for each of these cases mentioned are approxi-
mated using analytic and semi-empirical (ASE) methods from Kepler [9]. Kepler developed
the model for deriving coefficients following findings from [24][12][25][26][27]. Employing
Kepler’s model, coefficients for symmetrical prolate spheroid hulled AUVs can be easily
determined.
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5.0.1 Case 1: Pure Surge Accelerated Motion

The towing and towed vehicle are both modeled after the Virginia Tech 690 with a scale
factor of 2 used to scale the length and diameter of the 690. The increase in the dimensions
from the original 690 similarly leads to an increase in the mass to become 282kg. A 50m
polyester rope with 20 nodes is featured in this test. The rope is attached at the CB for
both the towing vehicle and the towed vehicle. The complete parameters of the AUV-Rope
system for this case appear in table 5.1.

Parameter Value Unit
Length of vehicle (lv) 4.1148 m
Diameter of vehicle (dv) 0.3505 m
Vehicle Mass (m) 282.1261 kg
xp of Towing Vehicle − lv

2
m

xp of Towed Vehicle + lv
2

m
Rope Length (Lr) 50 m
Rope Mass (Mr) 16.2170 kg
Rope Diameter (Dr) 0.024 m
Young’s Modulus of Rope (E) 2.08 · 106 kg/(m · s2)
Ct of Rope 0.00739 N/A
Cv of Rope 0.05 kg/s

Table 5.1: Vehicle and Rope Parameters

The duration of the simulation is 150 seconds with a desired surge velocity of 2m/s. To
estimate the minimum required thrust to reach the desired surge velocity, the formulations
by Njaka in [28] are followed. Njaka found that the thrust must be greater than the drag
acting on the vehicles at the desired velocity. The drag force of each vehicle is expressed
by equation (5.1) and is determined using the surge based hydrodynamic coefficient, Xuu .

FD = Xuu · u (5.1)

where FD is the drag force on a vehicle at a given velocity

Because the towing system involves the towing vehicle, the towed vehicle, as well as a
rope, the drag of both vehicles are combined to determine the minimum thrust required
to achieve the desired surge velocity. The minimum required thrust is denoted in equation
(5.2).

FT ≥ Fm
D + F f

D (5.2)

where Fm
D and F f

D are the drag force on the towing and towed vehicle respectively
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The test evaluates the course keeping ability of the AUV-Rope system and assesses how
effectively the system accelerates from rest. Both vehicles are assigned a 0 ◦ heading angle,
since it is a straight line test. Furthermore, both vehicles maintain a 0 ◦ rudder angle
for the entirety of the simulation. Figure 5.1 depicts the surge velocities of both vehicles
when a thrust force of 63 N is assigned to the towing vehicle. The desired surge velocity
of 2 m/s is initially achieved by the towing vehicle around 40 seconds into the simulation.
After which, the towed vehicle reaches 2m/s around 50 seconds. Highlighting a time lag
between the surge velocities of both vehicles. Both vehicles maintain their course and do
not experience significant yaw and sway motions.

Figure 5.1: The surge velocity, u of the towing and towed vehicle.

The maneuver is dominated by surge motion, creating tug forces on the rope in the X
direction which are equal and opposite in direction. The tug forces which represent the
total forces of the rope acting on the vehicle, are greatest in magnitude right after the
system accelerates from rest. Once the system reaches the desired surge speed, acceleration
is minimal and the tug forces remain relatively constant. The time history of the tug forces
for both the towing and towed vehicle are depicted in figure 5.2 .



Chapter 5. Assessment of Maneuverability of AUV-Rope Towing System 45

Figure 5.2: The tug force of the towing vehicle (Top) and the towed vehicle
(Bottom) at 2m/s

5.0.2 Case 2: 10◦/10◦ Zigzag Maneuver in the Horizontal Plane

The zigzag maneuver assesses the yaw response and course changing performance of a
vehicle. In a zigzag maneuver, the rudder angle is prescribed to a fixed angle until the
vehicle reaches a given yaw angle, then the rudder angle is prescribed to the opposite angle
until the vehicle achieves the given yaw angle in the opposite direction. The alternation of
the rudder angle continues until the maneuver is completed. In this case, a 10/10 zigzag
maneuver was performed. Thus, the given rudder angle is 10 ◦. The performance of the
maneuver is evaluated using the overshoot angle according to the requirements of the IMO
in [29]. The overshoot angle is the difference between the prescribed rudder angle and the
vehicle heading. The AUV-Rope system must meet the criteria set by IMO for both the
first overshoot and the second overshoot angles. The first overshoot angle of the towing
vehicle must not exceed the values in equation (5.3) to be considered stable [29].

1st Overshoot


10◦ lv/u < 10

5 + 1/2(lv/u)
◦ 10 ≥ lv/u < 30

20◦ lv/u ≥ 30

(5.3)
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The second overshoot angle of the towing vehicle corresponds to the rudder command after
the first. It must follow the criteria in equation (5.4)

2nd Overshoot


25◦ lv/u < 10

17.5 + 0.75(lv/u)
◦ 10 ≥ lv/u < 30

40◦ lv/u ≥ 30

(5.4)

For this maneuver, the AUVs have the same characteristics as Case 1 as well as the same
hydrodynamic coefficients. The rope also bears the same characteristics as in Case 1. The
system begins with both AUVs at rest and 163 Newtons thrust is assigned to only the
towing AUV. The rudder of the towing AUV is fixed at 0◦ for the first 25 seconds to allow
the AUVs to reach the desired surge velocity. Once the desired surge velocity is achieved,
the rudder is prescribed to 10◦ until the yaw angle approaches 10 ◦. After which, the rudder
is alternated back and forth between -10◦ and 10◦ for the remainder of the motion.

The heading angle of both AUVs are depicted in figure 5.3. The illustration denotes that
first and second overshoot of the towing AUV do not exceed the standards set for the
maneuver throughout the duration of the simulation. The towed vehicle’s heading appears
to be minimally affected during this maneuver and remains around 0 due to the long rope
employed as well as the nature of the maneuver. A 10◦/10◦ maneuver does not feature a
steep turn. Coupled with the length of the rope which could reduce the intensity of the
turn, the yaw motion in the towed vehicle becomes minimal. The heading of the towing
vehicle on the other hand, alternates periodically following the prescribed rudder angle, as
expected.
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Figure 5.3: The prescribed rudder angle and vehicle heading of the towing
and towed vehicle.

The surge velocity and the yaw rate of both vehicle are shown in figures 5.4a and 5.4b.
Both vehicles achieve a surge velocity of about 3 m/s. The yaw rate of the towed vehicle
remains negligible through out the motion and confirms its relatively small heading angle
when compared to that of the towing vehicle.

(a) The surge velocity and yaw rate of
the towing vehicle

(b) The surge velocity and yaw rate of
the towed vehicle

The trajectory of the vehicles in the horizontal plane can also be studied and compared
with the tug forces both vehicles impact on the rope. The motion showcases the newton
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pair tug forces in the x direction as depicted in figures 5.7a and 5.7b. Both vehicles travel
together but the magnitude of their sway motions defer as illustrated in the trajectory of
the system in figure 5.5 .

Figure 5.5: The trajectory of the towing and towed vehicle in the Horizon-
tal Plane.

Additionally, the motion of the rope can be studied in detail as denoted in figure 5.6, where
the trajectory of each node of the rope during the maneuver is displayed. Similarly to the
towed vehicle, the nodes closest to the last node of the rope travel shorter distances when
compared to the nodes closest to the towing vehicle.

Figure 5.6: The trajectory of each node of the rope during zigzag maneuver.

Examining the yaw motion and trajectories of both vehicle, differences in the tug forces
can be anticipated. Figures 5.7a and 5.7b depict a notable difference in the tug forces in
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the y direction of both vehicles. Conversely in the x direction, both vehicles have equal
and opposite tug forces because their surge velocities are equivalent.

(a) The tug force of the towing vehicle on
the rope

(b) The tug force of the towed vehicle on
the rope

5.0.3 Case 3: Towing Maneuver in the Vertical Plane

Park and Kim in [23], explore the motion of a towing vehicle traveling around the water
surface and a tow fish that is submerged 200 meters below the water surface. The towfish
is not self propelled and is connected to the towing vehicle by a 200m long marine cable
as shown in Figure 5.8. As depicted in the illustration, Park and Kim state that the rope
is connected to the center of buoyancy of the towing vehicle and the bow of the towed
vehicle.

Figure 5.8: Illustration of the Towing System

The towing vehicle and the towfish are modeled after the Integrated Submergible for Intel-
ligent Mission Implementation (ISimI). ISimI has a Myring hull profile and was developed
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by the Korea Ocean Research and Development Institute (KORDI). The vehicle can be
seen in Figure 5.9 and its hull parameters can be found in [1]

Figure 5.9: The ISimI vehicle from Maritime and Ocean Engineering Re-
search Institute (MOERI) [1]

The towing vehicle has a significantly larger hull than the towed vehicle. The vehicles are
scaled appropriately utilizing the hull parameters of ISimI and their principal dimensions
are detailed in tables 5.2a and 5.2b. Furthermore, the towfish is designed to be a glider
and utilizes the fin parameters from [30]. However, the position of the wing on the glider
was not specified and had to be approximated based on figure 5.8 and the stability of the
vehicle. The hydrodynamic coefficients of these vehicles are calculated using ASE methods
and can be found in appendix A. The scaled profile of the towfish with the fins is shown
in figure 5.10. Additionally, the heave velocity of the towing vehicle is fixed to minimize
fluctuations in the depth of the towing vehicle.

Parameter Value Unit
lv of Towing vehicle 8.3 m
dv of Towing vehicle 1.1857 m
m of Towing Vehicle 6950 kg
xp of Towing Vehicle 0(C.B) m

(a) Towing Vehicle Parameters

Parameter Value Unit
lv of Towed vehicle 3.3 m
dv of Towed vehicle 0.4714 m
m of Towed Vehicle 416 kg
xp of Towed Vehicle Bow N/A

(b) Towed Vehicles Parameters
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Figure 5.10: The scaled profile of the Towfish

The rope parameters are given in [23] but omits information about the viscous damping
coefficient of the rope and the material of the rope used. These are important parameters
that largely affect the results of the simulation. An approximation is made utilizing the
density of the rope and the mass of the vehicles being towed. The given density of the
rope is about that of steel and the vehicle being towed is heavy and requires a very strong
rope. We assume the rope is made of steel and the complete characteristics for this rope
are detailed in table 5.3

Parameter Value Unit
Rope Length (Lr) 200 m
Rope Mass (Mr) 338 kg
Rope Diameter (Dr) 0.024 m
Rope Density (ρr) 1300 kg/m3

Young’s Modulus of Rope (E) 7 · 108 kg/(m · s2)
Ct of Rope (Ct) 0.00886 N/A
Cv of Rope 0.05 kg/s

Table 5.3: Rope Parameters

In this maneuver, the towed AUV is set to operate near 3.5 meters below the water surface.
The focus of the maneuver is to study the dynamic interaction between the towed vehicle,
the rope and the towing vehicle. The system is simulated for 100 seconds according to (Park
and Kim, 2015) and figures 5.11a and 5.11b detail the surge, heave and pitch velocities
during the maneuver. The AUV towing system accelerates from rest to the desired constant
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forward speed of 6 m/s. The towing AUV achieves the desired surge velocity at around
70 seconds. The velocities of both vehicles highlight the interaction between the rope and
the towed vehicle. The initial tug motion on the towed vehicle creates increased heave and
pitch motions which stabilize once the constant forward speed is achieved.

(a) The surge, heave and pitch velocities of the
towing vehicle

(b) The surge, heave and pitch velocities of the
towed vehicle

The time history of the catenary of the rope is denoted in figure 5.12. When the AUV-
towing system begins from rest due to the thrust from the towing vehicle, the catenary
of the rope changes. With increasing forward speed of the towing vehicles, the degree
of inclination in the catenary of the rope changes to a more horizontal alignment. The
catenary is dictated by a number of factors including the relative density of the rope
compared to water as well as the diameter and young’s modulus of the rope [31]. Ropes
with larger relative densities to water behave negatively buoyant while ropes with smaller
relative densities to water are positively buoyant. Additionally, increase in the diameter of
the rope increases the drag of the rope during motion, increasing the tendency of the rope
sinking.



Chapter 5. Assessment of Maneuverability of AUV-Rope Towing System 53

Figure 5.12: The cable alignment of the rope

Examining the tug force of both vehicles, the vehicles display newton pair behavior in the
x direction, as the surge velocities of both vehicles reach the desired speed of 6m/s. This
is denoted in figures 5.13a and 5.13b.

(a) The tug force of the towing vehicle (b) The tug force of the towed vehicle

The results from this maneuver diverge quantitatively from the findings of [23]. Notwith-
standing, both models follow very similar trajectories and directions but diverge in mag-
nitude. This divergence can be attributed to the difference in the modeling techniques
employed in the rope as well as discrepancies in the material of the rope utilised. Park
and Kim employ the finite elements based method, absolute nodal coordinate formulation
(ANCF). LMSD, the rope modeling technique used in this work partitions the rope into
equal mass points which are connected by spring dampers. The flexibility of the rope
is dictated by the rotation angle of each adjacent spring to the mass point. For more
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accurate results, this method requires higher number of elements to achieve a rotational
angle that reflect the true flexibility of a rope [32]. Contrarily, in ANCF, the absolute
positions and gradients of these positions represent the nodal coordinates of elements. The
nodal coordinates are defined in a global inertial reference frame so there are no coordinate
transformations for the equations of motion. ANCF neglects centrifugal and Coriolis forces
in the equations of motion and maintains a constant mass matrix [33][34]. Additionally,
LMSD cannot withstand compression as noted in Chapter 4. Corrective measures were
implemented to reduce this issue but could still be a contributing factor to the divergence
in results.

Examining the cable alignment over time of both models in figure 5.12, the depth of
the towed vehicle reduces as the forward speed of the full towing system increases. The
extent of increase between both models vary. In our proposed model, the slope of the rope
reduces drastically as the towing vehicle begins to accelerate, since the towing vehicle is
significantly larger than the towed vehicle and bears all the propulsive capabilities for the
system. While the rope in Park and Kim model appears to maintain its steep slope even as
the towing vehicle accelerates. The reason for this steeper rope angle may be attributed to
the approximation made for the Young’s Modulus of the rope used in the proposed work.
The Young’s Modulus affects the buoyancy of the rope and may have contributed to the
difference in rope slope. Additionally, a steeper rope slope features greater drag and should
present a slower forward speed and shorter distance travelled but as shown in figures 5.11a
and 5.11b, this is not the case for the Park and Kim model.

The proposed model can be modified to bring the cable alignment closer to that of Park
and Kim. The approach must focus on first reducing the buoyancy of the rope and then im-
proving the forward speed of the AUV towing system. The density of the rope is increased
from the given density of 1300 kg/m3 to a more typical steel rope density of 7000 kg/m3.
Solely increasing the density results in a more vertical cable alignment shape very close
to the Park and Kim model. However, the forward speed of the towing system drastically
reduces as expected. The diameter of the rope is reduced by 40% to 0.246m and the thrust
of the towing vehicle is increased from 3400N to 5000N. The dynamics of the AUV towing
system are preserved with these modifications and present a more vertical alignment of the
rope. The cable alignment with these modifications as well as the corresponding vehicle
velocities are depicted in figures 5.14, 5.15a and 5.15b
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Figure 5.14: The cable alignment of the rope when diameter is decreased
and rope density is increased

(a) The surge, heave and pitch velocities of the
towing vehicle when rope diameter is decreased

and rope density is increased

(b) The surge, heave and pitch velocities of the
towed vehicle when rope diameter is decreased

and rope density is increased

To acquire a comprehensive understanding of the steady state of the system, the system
is simulated for an additional 400 seconds to study the behavior of the vehicle a long time
after it reaches the desired forward speed. Figures 5.16, 5.17a, 5.17b, 5.18a and 5.18b
detail the results of the extended simulation. Once stabilized in the first 100 seconds, the
velocities maintain the same pattern for the remainder of the simulation. Similarly do the
tug forces. These results reflect that the system is within the steady state region and the
dynamic system is stable.
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Figure 5.16: The cable alignment of the rope for an extended simulation
time of 500 seconds

(a) The tug force of the towing vehicle during
an extended simulation time of 500 seconds

(b) The tug force of the towed vehicle during
an extended simulation time of 500 seconds

(a) The surge, heave and pitch velocities of the
towing vehicle during an extended simulation

time of 500 seconds

(b) The surge, heave and pitch velocities of the
towed vehicle during an extended simulation

time of 500 seconds
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Chapter 6

Conclusion

This work proposes an AUV towing system in which an AUV tows another AUV of equiv-
alent size using a marine cable. The dynamics of the system are constrained to 3 DOF to
study the vehicle in the horizontal and vertical plane. The dynamic equations of this AUV
towing system incorporate forces from three components in a loosely couple fashion. The
AUVs in this study are assumed to possess top-bottom (XY projection) and port-starboard
(XZ projection) symmetry. These symmetry assumptions facilitate the conversion of the
hydrodynamic forces and moments from the horizontal plane to the vertical plane. These
conversions are executed while observing the sign changes some coefficients must follow due
to changes in the direction of the force. The rope is modeled utilizing the lumped mass
spring damper method where the mass of the rope is divided into equal mass points across
the rope. The limitations of this method include inability to withstand compression and
loss of accuracy due to forward euler approximation. Corrective measures are implemented
to combat these limitations. These measures include vector path correction for defaulting
nodes and adaptive time step adjustment capabilities. Additionally, the catenary curve
function for the rope is investigated and compared with the actual trajectory of the rope.
The comparison of both curves denotes good agreement and confirms the rope behaves as
expected.

The model is assessed for maneuverability according to IMO standards. In the horizontal
plane, a straight line test and zigzag maneuver are utilized to evaluate the performance of
the model using a scaled version of the Virginia Tech 690 vehicle for both vehicles. In the
straight line test, both vehicles are able to achieve the desired surge speed and travel as
newton pairs. In the zigzag test, the AUV towing system maintains its course and all the
overshoot angles follow the IMO guidelines. In the vertical plane, the maneuver is set up
following Park and Kim. Here the vehicles are modeled after the ISimI vehicle with the
towed vehicle being considerably larger than the towed vehicle. Furthermore, the towed
vehicle is modeled to be a glider and features wings. This maneuver begins with the towed
vehicle submerged 200m beneath the towing vehicle. The AUV towing system is able to
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accelerate to the desired surge velocity of 6m/s as well as maintain the surge velocity. This
work accounts for the heave and pitch motion of the towing vehicle contrary to the model
by Park and Kim. This could be a potential source of divergence in the results of our
work and that of Park and Kim. Additionally, Park and Kim utilize a different modeling
technique for the rope namely ANCF. Creating another possible source for deviation in
results.

Research in this area is limited, especially in the aspect of field trials. With this deficit,
future work focused on field trials needs to be performed to provide more experimental
data. These experimental data for different AUVs could be used to adjust and correct the
framework proposed, to accommodate more AUVs with top-bottom and port-starboard
symmetry. Furthermore, the model can be extended to study AUVs that do not feature
these hull symmetry qualities.
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Appendix A

Appendix A

Table A.1: Final Hydrodynamic coefficients for the scaled 690 vehicle

Coefficient Value Units
Xuu -8.3869 kg/m
Xu̇ -4.1 kg
Nvv 83.6828 kg
Nuv -133.563 kg
Nv̇ 52.3586 kg
Yvv -770.7656 kg/m
Yuv -207.325 kg/m
Yv̇ -303.639 kg
Nrr -1575.1188 kg ·m2

Nur -237.2078 kg ·m/rad
Nṙ -343.4242 kg ·m2/rad

Yrr 152.083 kg ·m/rad2

Yur 133.563 kg/rad

Yṙ -52.3586 kg ·m/rad
Yuuδ 30.0818 kg/(m · rad)
Nuuδ -53.4252 kg/rad
Xuuδδ -15.6425 kg/(m · rad2)
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Table A.2: Final Hydrodynamic coefficients for the ISimI Towing AUV

Coefficient Value Units
Xuu -54.7383 kg/m
Xu̇ -212.6934 kg
Mww -844.0748 kg
Muw -2359.8419 kg
Mẇ 498.2889 kg
Zww -4819.9763 kg/m
Zuw -1459.096 kg/m
Zẇ -5742.3392 kg
Mqq -68175.1722 kg ·m2

Muq -8977.2752 kg ·m/rad
Mq̇ -18973.9931 kg ·m2/rad

Zqq -3229.2833 kg ·m/rad2

Zuq -2359.8419 kg/rad

Zq̇ 498.2889 kg ·m/rad
Zuuδ 614.1246 kg/(m · rad)
Muuδ -2336.2435 kg/rad
Xuuδδ -319.3448 kg/(m · rad2)
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Table A.3: Final Hydrodynamic coefficients for the ISimI Towfish

Coefficient Value Units
Xuu -8.8653 kg/m
Xu̇ -13.8629 kg
Mww -188.0289 kg
Muw -390.2094 kg
Mẇ 6.0269 kg
Zww -941.8145 kg/m
Zuw -895.728 kg/m
Zẇ -382.8108 kg
Mqq -811.1651 kg ·m2

Muq -684.2907 kg ·m/rad
Mq̇ -206.2001 kg ·m2/rad

Zqq 25.4353 kg ·m/rad2

Zuq 390.2094 kg/rad

Zq̇ 6.0269 kg ·m/rad
Zuuδ 99.4619 kg/(m · rad)
Muuδ -152.2714 kg/rad
Xuuδδ -51.7202 kg/(m · rad2)
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