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Abstract—This paper presents the dynamic modeling of 

floating systems with application for three-dimensional swimming 
eel-like robot and rowing-like system. To obtain the Cartesian 
evolution during the design or control of these systems the 
dynamic models must be used. Owing to the complexity of such 
systems efficient and simple tools are needed to obtain their 
model. For this goal we propose an efficient recursive Newton-
Euler approach which is easy to implement. It can be 
programmed either numerically or using efficient customized 
symbolic techniques.  

Keywords— Dynamic modeling, floating systems, Newton-Euler, 
recursive calculation, tree structure, eel-like robot, rowing like 
system. 

I. INTRODUCTION 
This paper presents the dynamic modeling of floating 

systems with application for three-dimensional swimming eel-
like robot and rowing-like system. The common characteristics 
of these structures are that there is no kinematic or geometric 
relationship between the Cartesian motion of the system and the 
joint variables. To obtain the Cartesian evolution of these 
systems the dynamic models must be used. For this goal we 
propose the generalization of the recursive Newton-Euler based 
algorithm of Luh and Walker [1] and of Featherstone [2] to 
these cases. 

The recursive nature of the Newton-Euler approach 
provides efficient and easy to implement algorithms, which can 
be programmed either numerically or efficient customized 
symbolic programming techniques.  

The paper is organized as follows: in section 2 we recall the 
method used to describe the kinematics of the structure which is 
based on the modified Denavit and Hartenberg conventions as 
proposed by Khalil and Kleinfinger, then in sections 3 and 4 we 
present the classical algorithm giving the inverse dynamic 
models of tree structure and closed loop rigid robots. The 
section 5 presents the generalization to the floating systems, 
sections 6 and 7 treat the applications on the eel-like serial 
robot and the closed loop rowing system. The conclusion 
constitutes section 8. 

II. DESCRIPTION OF THE ROBOTS 
The structures of the robots is described using Khalil and Kleinfinger 
notations [3]. This method can take into account tree structures and 
closed loop robots. Its use provide closed form solutions for the 
calculation of minimum number of inertial parameters [4], which 

reduce the number of operations of the dynamic models and are 
needed in the identification and adaptive control laws.  
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      Figure 1: Geometric parameters for frame j. 

A. Kinematic Description of Tree Structure Robots  
A tree structure robot is composed of n+1 links and n joints. 
Link 0 is the base, which can be fixed or mobile, and link n is a 
terminal link. The joints are revolute or prismatic, rigid or 
elastic. The links are numbered consecutively from the base, to 
the terminal links. Joint j connects link j to link a(j), where a(j) 
denotes the link antecedent to link j. A frame Ri is attached to 
each link i such that (Figure 1):  
  • zi is along the axis of joint i;  
 •  xi is along the common normal between zi and one of the  
succeeding joint axes, selected on Figure 1 as zk,  the common 
normal between zi and the other axes , as zj on Figure 1, will be 
called uj. 
The transformation matrix i

jT , defining frame Rj with respect 
to (w.r.t) its antecedent frame Ri is obtained as a function of six 
geometric parameters (  j j j j j j, b , ,d , ,r )� � � such that: 

 i j j j j j j jT Rot( z, )Tran( z,b )Rot( x, )Tran( x,d )Rot( z, )Tran( z,r )� � ��  

After developing,  i
jT  can be written as: 
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If xi is along the common normal between zi and zj, both �j�and 
bj will be zero. This is always the case of serial structures. The 
type of the joint is identified by j
  where �j 0
  if j is 

revolute, �j 1
  if j is prismatic, and � �j j1
 
 . The joint 



variable, denoted as jq , is j�  if j is revolute and jr if j is 
prismatic. A serial structure is a special case of a tree structure 
where    ,  � � �j ja( j ) j -1 0, b 0�  for all j=1,.., n. 
 

B. Description of Closed Loop Structure 
 

The system is composed of L joints and n + 1 links, where link 
0 is the base and L > n. The number of independent closed 
loops is equal to B = L – n. The joints are either active 
(motorized) or passive. The number of active joints is denoted 
N. The location of all the links can be determined as a function 
of the active variables. The geometric parameters are 
determined as follows: 
i) Define the geometric parameters of the equivalent tree 
structure, with n joints and n+1 link, by cutting each closed 
loop at one of its passive joints as given in section II.A.  
ii) Number the cut joints k= n+1,…,L, 
iii) For each cut joint define two frames on one of the links 
connected by this joint. Assuming the links connected by the 
cut joint k are links i and j, the frames are defined as follows 
(Figure 2): 

- frame Rk is fixed on link j such that a(k)=i, the axis zk is 
along the axis of joint k, and xk is along the common normal 

between zk and zj. The matrix i
kT is function of k� .  

  - frame Rk+B is aligned with Rk, but a(k+B)= j. The matrix
j

k BT �  is constant. 
The joint variables of the system are denoted as: 

• trq tree structure joint variables, cq  the cut joint 
variables, 

• a pq ,q  active and passive joint variables of the tree 
structure   

The geometric constraint equations for each loop k, for 
k=n+&,…,L, can be written as: 
                        k B i

j k 4T ... T I� �     (2) 
The kinematic constraint equations are given by: 
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Where kV  defines the � �6 1� kinematic screw vector of frame k, 
given by:         

                 � �� 
 �
TT T

k k kV v �  (4) 

kv   linear velocity of the origin of frame Rk, k�   angular 
velocity of frame k; 
Jk the kinematic Jacobian matrix of frame k; 

b1 b2
q ,q
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b1 joint velocities through the two branches of the  loop. 
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Figure 2: Frames around a cut joint k. 

III. DYNAMIC MODELING OF TREE STRUCTURE ROBOTS WITH 
FIXED BASE 

A. Introduction  
The most common methods used to calculate the dynamic 
models are the Lagrange equations and the Newton Euler 
Equations  [5] [6]. The Lagrange model is given as:     ������������ 
�     A( q )q h( q,q )� � �  )q h( q,q ) )q � (5) �
where ���is the joint torques,  A is the inertia matrix of the 
robot and h is the Coriolis, centrifugal, external and gravity 
torques. 
Calculating ���in terms of (q,q,q) q,q) is the inverse dynamic 
problem, and calculating qq in terms of ( , ) q q,Γ, ), is known as the 
direct dynamic model. The inverse dynamic model is obtained 
from (5), whereas the direct model is calculated as: 
 � � � �1q A - h���  � �q A� ��  (6) 
The recursive Newton-Euler algorithms have been shown to be 
the most efficient technique to model rigid robots [1] [7] [8].  
  

B. Calculation of the Inverse Dynamics Using Recursive N-E 
Algorithm 

The algorithm consists of two recursive computations forward 
and backward [1]. The forward equations, from 1 to n, compute 
the velocities, accelerations and the wrench of the links. The 
backward equations from n to 1, provide the joint torques. The 
algorithm will be denoted by = NE( , eq q,q,F )� q,q,F ), e � eF is the 
external wrench exerted by the links on the environment. 

-The forward equations for �j 1,...,n  are as follows: 
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Where  
- j�    total wrench on link j at origin of frame Rj;  

- ojI   spatial � �6 6�  inertia matrix of link j around the origin 

jO , which is given as:  
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j
j 3 j
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 (10)  

- j j ojM ,MS ,I are the standard inertial parameters of link j. 
They are respectively, the mass, the first moments, and the 
� �3 3�  inertia matrix at the origin, ŵ defines the skew matrix 

associated to the vector product such that; ˆw v w v� � . 

- � �Tj
ji a( j ), a 0 0 1� � unit vector along the joint axis (z-

axis) referred to its own frame,
Tj

j j ja 0 0 0 0
 
� �� 
 � , 

- j
iT the �(6 6 ) screw transformation matrix from frame j to 

frame i:  
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In case of fixed base these equations are initialized by
� �0 0

0 00, 0� �0 0�000 . The gravity effect on all the links is taken 
into account automatically by putting � �0v gv g� �0 , with g is the 
gravity acceleration. 
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Figure 3: Forces and moments acting on link j. 

The backward recursive equations are deduced from the total forces 
and moments on link j  around its origin (Figure 3). They can be 
calculated for  j=n,...,1. 

 j j k T k j
j j j k ej

k
F T F F�� � ��   (12) 

j j
j j sj vj( ) +   T

j aj j j jF I q F sign q F qa� � � � ( ) +   q F signjj ( ) +) + jsjsj  vjq  

Where �a( k ) j , jF  is the reaction wrench (forces and 

moments) of link i  on link j , ejF is the wrench exerted by link

j  on the environment,  jIa is the gear and rotor inertia of 

actuator j and    ,sj vjF F are friction parameters. 
To reduce more the number of operations of the calculation of 
this model the base inertial parameters and the customized 
symbolic calculation can be used [7] [5] 

C. Computation of the direct dynamic model 
Two methods based on Newton-Euler methods can be used to 
obtain the dynamic model: the first is proposed by Walker and 
Orin  [9], it is based on calculating the A  and h  matrices, 
defined in (5) using Newton-Euler inverse dynamic model and 
to calculate the joint accelerations by (6). The second method, 

which is devoted for tree structure robots and not applicable to 
closed loop robots, is based on a recursive Newton-Euler 
algorithm without calculating the inertia matrix [2][8]. The 
extension of the second method for floating robot systems will 
not be presented in this paper the interested reader can consult 
[12] . 

IV. DYNAMIC MODELING OF CLOSED LOOP ROBOTS 
The computation of the Inverse dynamic model of closed loop 
robots can be obtained by first calculating the inverse dynamic 
model of the equivalent tree structure robot, in which the joint 
variables satisfy the constraints of the loop. Then the torques 
of the active joints of the closed loop torques c� are obtained 
by solving the following equation: 

 T
tr =  ( , )+W� �

� 	

 �

c
tr tr trq q ,q

0
�

� �) WT, T, )+W,     (13) 

Where � is the Lagrange multipliers and �trW q 0q 0�tr  is the 
kinematic constraint equations between the velocities of the 
passive and active joints of the tree structure. The matrix W 
can be obtained from (3). After developing we obtain [10] 
[5][11]: 

 T
tr= ( , )

T
p

c tr tr tr a p
a

q
G q q ,q

q
� � � �

�� �
� � � �

� !

T

�
�pq�
�

pqpq ��pq
)), �)), � p

!aq�
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where:  

 tr tr

a a

q qG =
q q

� �
�

� �
trq�

aq�
  (15) 

a�  and p�  are  the actuated and passive joint torques of the 
equivalent tree structure. 
There is no recursive method to obtain the direct dynamic 
model of closed loop robots. It can be computed using the 
inverse dynamic model in order to obtain the matrices cA  and 

ch such that [5]: 
 = ( )  + ( , ) c c tr a c tr trA q q h q q� )  + ( , ) ) + (+ ()  + ( , + ( + ( ,  (16) 

V. DYNAMIC MODELING OF FLOATING ROBOTS 
  This section treats the floating robotics systems which are 
composed of a tree structure with moving base. It includes a 
big number of systems such as: mobile manipulators, walking 
robots, Humanoid robots, eel like robots  [13][14] , snakes like 
robots, flying robots, spatial vehicles, offshore structures [17]. 
The main difference between these systems lies in the 
calculation of the interaction forces with the environment. In 
the previous sections the acceleration of the base is known and 
equal to zero, whereas in the case of moving base the 
acceleration of the base must be determined in both direct and 
inverse dynamic models. The motion of the system takes place 
thanks to the action- and reaction principle between the system 
and the environment. In general it cannot be determined by 
kinematic models except in the particular cases where the 
contact forces can be translated into constraints between the 
state variables of the system as in the case of non-holonomic 
wheeled mobile robots. The inverse dynamic model, which is 
used in general in the control problems, can be used in 



simulation too when the objective is to study the evolution of 
the system giving joint positions, velocities and accelerations. 
The direct dynamic model can be used in simulation when the 
joint torques are specified. This model is not developed here. 
The base frame 0R  is defined arbitrary fixed with link 0, its 
situation w.r.t the world fixed frame wR is defined by the 

transformation matrix w
0T . This matrix is supposed known at t 

= 0, it will be updated by integrating the base accelerations. 
The velocity and acceleration of the base are represented by 
the (6x1) vectors 0V  and 0V0V0 respectively.  

A. General Form of the Dynamic Models of Floating 
Systems 

The dynamic model of a floating robot with n joints and 
moving base can be represented as follows: 
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      At first, the base acceleration is obtained by using the first 
row of (17): 

 � � � �0
0

1
11 1 12V A h A q�� � ��V A�0 A� 1 �q2   (18) 

Then, the joint torques are obtained from the second row: 
 T 0

12 0 22 2A V A q h� � � �V AV A0 220 2q h22qq   (19) 
The direct dynamic model gives the joint accelerations and the 
base acceleration in terms of the position and velocity of the 
base and the articulated system and the joint input torques. 
Thus using (17), the direct dynamic model is given as follows: 

0 11

2

hV
A

hq �
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�� 	 � 	�
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1�0V0 A	

�q 		   (20) 

The calculation of A  and h  by Lagrange is very time 
consuming for systems with big number of degrees of freedom 
(as the eel-like robot). Therefore, we propose to use a recursive 
method, which is easy to programme, and its computational 
cost is efficient [12] .  

B. Recursive N-E Calculation of the Inverse Dynamics 
The inverse dynamic algorithm in this case consists of three 
recursive steps (forward, backward, then forward)  [13][12] . 
-Forward recursive calculation: 
In this step we calculate for �j 1,...,n the following: i

jT , j
j�

as given in section (III.B). We calculate also j j
j j," � , j

jζ , 
appearing in the equations of total forces and link accelerations 
which are independent of the robot base acceleration ( 0 0,v ω0 0v0 ω ): 
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We define also: 

 j j
j j

j
j jζ γ q a� � j
j jq aj   (23) 

-Backward recursive equations: 
 
In this step we obtain the base acceleration using the inertial 
parameters of the composite link 0, where the composite link j 
consists of the links articulated on it. 
Using  (9) and (12) the equilibrium equation of link j, can be 
rewritten as: 
 j j j j k k

j oj j j k
T
j

k ,a( k ) j
F I V β T F

�
� � � �jj

j
j

j j  (24) 

Applying Newton-Euler equations on the composite link j, we 
obtain:  
 

j
j j j j

j j
c c
ojF I V β� � j

j
cj

j β�jj   (25) 

with: 
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j j
c c k T k c k
oj oj ok

k ,a( k ) j
I I T I T

�
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 j j
j

c c k T k c k c k
j j k ok k

k ,a( k ) j
β β T ( β I ζ )

�
� � ��  (26) 

j c
ojI is the  spatial inertial matrix of the composite link j. 

For j = 0, and since F  is equal to zero, we obtain using (25): 

 � �0 0 c 0 c
0 o0 0

1
V I β

�
� � 0 c� o0V I� 00�0 o�   (27) 

To conclude, the recursive equations of this step consist of 
initializing j c j

oj ojI I� , j c j
j j�β β then calculate  for j = n,…, 1. 

 i c i c
oi oi i i

j T j c j
ojI I T I T� �  

 i i
i

c c j T j c j c j
i i j oj jβ β T ( β I ζ )� � �  �#$��

At the end 0
0V0V0 is calculated by (27).   

- Second forward recursive equations: 
After calculating 0

0V0V0 , the wrench j
jF  and the joint torques are 

obtained using (8) and (25) for j= 1,…, n  as: 
 j j i j

j i i j    V T V ζ� �j i j
j

jV j ij
j ζ ji

j i
i ii

j   (29) 
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c cF I V "� � j
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 j j
j j      � � � �T

j aj j sj j vj jF I q F sign( q ) F qa� jq F sign( q ) F q� �j vjj vj   �  (31) 
It is to be noted that the base linear acceleration is calculated 

by 0 0 0 0 0 0 0
0 0 0 0 00

dv v g , v ( v v ),
dt

�� � � � �0 0 0 0 0 0 0v v v v )0 0 0 0 0 00 0 0
0 0 0 0 00v g v ( vv g v ( v0 0 0 0 00 0 00 0 0 0

0 0 00 0 00 0 0 . The integration 

of 0
0

d v
dt

 updates the new velocity 0
0v . After transforming it 

into frame w using the relation 0
0

w
0R v and integration we 

obtain the new position. The integration of 0
0�0�00 permit to find 

the angular velocity 0
0�  , after transforming it into frame w 

0
0

w
0R � then into Quaterion velocity or Euler Angles velocity 

and integration  we  obtain the new orientation. 



VI. DYNAMIC MODELING OF AN EEL-LIKE ROBOT 

A. Kinematic Model of the Robot. 
 In this section, we apply the algorithm of the previous 
sections for the simulation of an eel-like robot using Matlab 
and Simulink  [13][19]. The robot is composed of 13 rigid 
bodies connected by 12 spherical joints. Each joint is 
represented by three intersecting revolute joints. This gives a 
system with 36 revolute joints and 37 links (Figure 4). The first 
link (link 0), representing the head of the robot, is composed of 
a half of a spheroid and an elliptic cylinder. The links 3j-2 and 
3j-1, for j=1,…12, are virtual zero mass links. The links 3j are 
elliptic cylinders and the last link, the tail, is constructed by a 
half of an ellipsoid Figure 5. The geometric parameters of the 
robot are given in table 1. The offset values 0 jq are defined 
such that with jq =0, the x0 axis is aligned with the 3jz axes of 
the elliptical cylinder bodies (with j=1,…,12). 
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Figure 4: The 3D eel like robot 

Table 1: Geometric parameters of the structure 

j �j dj �j rj q0j 

1  0 0.4  �1 0 0 
2 -%/2 0 �2 0 %/2 
3 -%/2 0 �3 0.14 %/2 
4 %/2 0 �4 0 -%/2 

…      
35 -%/2 0 �35 0 -%/2 
36 -%/2 0 �36 0.14 %/2 

From Figure 4, we deduce that the local frame axes � �j1 j2 j3, ,e e e
in which the fluid-structure model is defined are: 

- For the head:  01 0 02 0 03 0e x e y e z� � �  

- For links 3j: 3 1 3 3 2 3 3 3 3j j j j j je z e x e y� � �  

The total length of the robot is 2.08 meter. The cross section is 
of elliptic shape (whose great axis length is equal to 18 cm and 
its small axis is equal to 13 cm). The half small and great axis's 
lengths of the elliptic section are denoted  a and b respectively. 
The simulation is carried out firstly using the inverse dynamic 
model by giving the desired trajectory ( )q t , ( )q t( )q( , ( )q t( )q(  as inputs 

and 0
0 (0) 0V �  as initial condition. To validate the direct 

dynamic model, the simulation has been carried out using as 
inputs the current state ( )q t , ( )q t( )q( , 0

0 (t)V  and Γ(t)  obtained 
from the inverse dynamic simulation. The two simulations 
gave the same results. 

B. Calculation of  Fluid-Structure Forces and Moments 
 

We adopt a simple fluid mechanical model where the 
forces exerted by the fluid on a given link are supposed as being 
due to the motion of that link. Moreover the links are 
assimilated to elliptic cross-sectional cylinders whose serial 
assembly builds a shape variable cylinder with its axial length is 
about 10 times those of the transverse ones. Hence, we can 
invoke the slender-body theory of fluid mechanics. Based on 
this assumption, the fluid flow near the body can be replaced by 
a continuous slicing of planar flows transverse to the cylinders’ 
axes. Hence, the fluid forces can be modelled by wrenches 
applied on each cross section of the links, which only depends 
of the transverse links’ motion. This corresponds to the so-
called strip-theory approach, commonly used in naval 
engineering [26].  

Figure 5:  Geometry of the eel 

To simplify the writing, we assume that the mass per unit of 
volume of the robot is equal to that of water such that the robot 
is neutrally buoyant. Moreover ( )j

jv s  denotes the velocity of 
a cross section of the link j positioned at the distance s along 
the link axis from the point jO . This velocity can be 

decomposed in the local frame � �1 2 3, ,j j je e e as: 

 j
j tj 1 2 2 3 3(s) (s) ( ) ( )j nj j nj jv v e v s e v s e� � �  (32) 

 where: 
tjv is the forward velocity component along axis 1je , 

nj2v  and nj3v  are the perpendicular velocities along axis 2je  

and 3je . We also define: 2 2 3 3nj nj j nj jv v e v e� � , and 

2 2
2 3nj nj njv v v� � . Similar relations to (32) can be defined for 

j
jv jv  . 

The contact forces between the fluid and the cylindrical 
links of the eel can be obtained using Morison model [18], 
where the density of drag forces and moments along the links’ 
axes and the density per unit of link axial length of added mass 
forces and torques are given respectively: 

3

ld1,j tj tj 1 ldi,j nj nji
i=2

( ) C (s) (s) + C (s) ( )j
drag j jif s v v e v v s e� �  (33) 

           j
ad1,j tj 1( ) C ω ωdrag tj jm s e�   (34) 



 
3

,
2

( ) ( )j
am lmi j nji ji

i
f s C v s e
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Where dragf  and dragjm  are due to the friction viscosity and 
pressure difference whereas amf  and amjm  are in relation with 
the quantity of fluid displaced during the movement. Finally the 
coefficients ldi,jC , lmi, jC , ad1jC  and am1jC  depend on the mass 
per unit volume of the fluid, the shape and size of the profile 
(here elliptic) and the Reynolds number of the moving profile 
in the fluid. Their values are given in  [13]. 

The translational velocity and acceleration at a point whose 
curvilinear coordinate is s from the origin of frame j are 
calculated by: 

( )   ( )j j j j
j j j jv s v P s� �� � �  ��&'�

( )  ( )  ( )j j j j j j j
j j j j j j jv s v P s P s� � � �� � � � � �( )( )( )( )( )( )( )( )(( )j j( )j ( )v ( )( )j ( )  )   j  (38) 

Where ( )j
jP s  is the position of the s cross section with respect 

to the origin of the link fixed frame. 
Superposing all the “slice-by-slice” contributions from 
0s �  to js L�  (the axial length of the thj  link), we find the 

global wrench exerted by link j on the fluid, expressed at jO : 

0
( )j

j j j
Lhj dragj amjj j

hj hjj j j
hj dragj amj

f f f
F F s ds

m m m
� � � � � �

� � � �� 	 � 	 � 	
� 	 � 	 � 	
 � 
 � 
 �

(  �&)� 

where: 

( ) ( ) ( )
( )

( ) ( ) ( )

j j j
hj dragj s T am

hj jj j j
hj drag am

f s f s f s
F s T

m s m s m s

� �� � � � � �
� �� � �� 	 � 	 � 	� �� 	 � 	 
 �
 � 
 � !

� �*+��

  3

3 3 3

ˆ( )
0

j
s

j
I P sT

I�

� ��
� � 	

� 	
 �
 (41) 

The drag and viscous wrench  �&)� is integrated numerically at 
each sample time of the algorithm from s = 0  to js L� , while 
the second contribution (added mass) can be explicitly 
computed in the local frame � �1 2 3, , ,j j j jO e e e and transformed 
as constant element to be added to the spatial inertia matrix of 
the links such that: 
 j j j aj

oj oj ojI I I  � �  (42) 

C. Simulation results 
In this example, we study the planar forward propulsion. 
Following bio-mechanic's literature about anguilliform 
locomotion [20],[19],[21], a planar forward propulsion motion 
is produced by a continuous motion law of the following form: 

 1
.( , )  ( ). . .sin 2 -s s tQ s t f t Ae off

T
� %

�
� �� �� �� �� 	 !
 �

       (43) 

where A is the amplitude of the motion, � is introduced to 
increase the amplitude when going from the head to the tail 

[21],1/T  is the frequency of the wave, λ  represents the length 
of the wave, and s the curvilinear coordinate along eel's 
backbone. The function ( )f t  is a smoothing function of fifth 
degree polynomial such that: 

  1(0) 0f � , 1( ) 1ff t � , 1 1(0) (0) 0f f� �(0) (0) 01f1(0) 1(0)11 �� 1 1( ) ( ) 0f ff t f t� �( ) ( ) 0f1( ) () () (1 )((((1

1off is a constant used to carry out the deviation, 

 

 
Figure 6: Head’s trajectory in the x-y plane of the fixed world frame. 

 

 
Figure 7: Velocity of the head with respect to time. 

To apply this continuous motion law, we have to discretize 
equation (43) to obtain the corresponding value on each joint 
[24]. The values of the first joints of the spherical joints (joints 
numbered  j = 3i - 2, with i = 1,…,12 denotes the number of 
the spherical joint)  are: 
  

 1( ) ( , ) - ( , )j j jq t Q X t Q X t��  (44) 

where 
1

j

j k
k

X r
�

��  is the distance of each joint from the head 

The other joint angles are taken equal to the constant offset 
given in Table 1. The following numerical values are used: 

0.06A � , α 1.2� , ft 2 s� , λ 1.8 m� , T 2s� , 1 0off �  

Figure 6 shows the head trajectory of the eel in the xw-yw 
plane of the fixed world frame for a simulation of 30s. Figure 7 
gives the linear forward velocity of the robot in the fixed world 
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frame. These results show that the eel has a straight line 
trajectory with a small transversal oscillatory motion. The eel 
needs approximately 30s to reach its final speed, in order to 
satisfy the limits of actuators torques ( 4 .N m, for joints 3j-2 
and 3j-1, and 0.7 .N m,  for joints 3j). 

VII. DYNAMIC MODELING OF A ROWING-LIKE SYSTEM  

A. Kinematic Model of the Rower-Oars-Boat system 
In this section we apply the algorithm for the simulation of a 
boat-oars-rower system. Figure 8 shows the model of the 
rowing system. As shown, rower is modeled with three rigid 
bodies connected by revolute joints: two for the legs and one 
for the trunk. Both oars are connected to the boat by revolute 
joints (oarlocks). The rower is connected to the boat via the 
foot stretcher and to the sliding seat, both with revolute joints. 
The sliding seat is connected to the boat via a prismatic joint. 
Vocabulary used here is defined Figure 9. The geometric 
parameters of the model are presented in Table 2. Geometric 
parameters as well as principal inertia parameters of each rigid 
body of the rower have been extrapolated from De-Leva [29]. 
Concerning the boat and oars, we took measurement data on a 
real single skull (a one person boat). Beside the inertia 
parameters, riggings of the boat and oars have been measured 
on real material. They represent the position and height of the 
foot stretcher (d1 and b1), the height of the sliding seat (b4), the 
position of the oars in the boat (d5 and d6) and the external 
lever of the oars (Le). 
For the sake of simplicity, arms of the rower are not modeled 
as it would introduce two loop closure constraints. 
Nevertheless this model embeds one loop composed of the legs, 
the sliding seat and the boat. This impose that we have to 
choose which joints are driven in the loop. Table 2 introduces 
the variable -j in order to indicate active and passive joints by 
taken the value 1 and 0, respectively. Active joints are 
explicitly driven whereas passive joint trajectories are 
determined from loop closure constraints. 
The boat is floating in six degree of freedom, but it is 
constrained to remain in the vertical plane of its advance 
direction. Hence it can move following surge, heave and pitch. 
Its complex motion result from the alternative propulsion by 
oars, the motion of the rower and the interaction of the boat 
and water. Hydrodynamic models for the boat and oars 
interaction with water are exposed hereafter. 
 

B. Rowing Forces Models 
A summary of the nature of the forces exerted on the rowing 
system is made here. Hull hydrodynamics as well as oars 
hydrodynamics are considered via physical models. 
 

1) Hull hydrodynamics 
 

Interactions between the boat hull and water are developed 
here. Forces induced on the hull by water are considered to be 
of three kind and only apply on the boat. 
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0

0
hydF , 

0

0
radF  and 

0

0
vF  are respectively the hydrostatic forces, 

the radiation forces and the viscous forces. 
 

a) Hydrostatic forces: 
 

The hydrostatic forces also known as buoyant forces are 
considered as being linear with respect to the boat position and 
orientation at rest defined in the inertial frame. They can be 
expressed as follow: 
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Figure 8: Model of the rowing system 

Table 2: Geometric parameters of the rowing system 

j a(j) -j 
j �j bj �j dj �j rj 

1 0 0 0 0 b1 %/2 -d1 �1 0 
2 1 1 0 0 0 % d2 �2 0 
3 2 1 0 0 0 % d3 �3 0 
4 0 0 1 %/2 b4 %/2 0 %/2 r4 

5 0 1 0 -%/2 b5 % d5 �5 0 
6 0 1 0 %/2 b6 0 d6 �6 0 
7 4 0 0 0 0 %/2 0 �7 0 
8 3 0 2 0 0 % -d8 0 0 

 
Where  G  is the 6 6�  stiffness matrix of the hull. Stiffness is 
only present for motions of heave, pitch and roll thus the only 
non-zero coefficients of G  are those with / 0, 3,5,6i j 1 . .  is 
the Cartesian position and the Cardan angles ( ( , , )2 � 3 ) of the 
boat with respect to the world fixed frame . The relation 



between the boat speed expressed in its frame and ..  is given 
by: 
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Where S, C and T denote sin, cos and tan respectively. 

 
Figure 9: Front and top view of the rower with principal links  

 
b) Radiation forces  

 
The radiation forces are related to the secondary motions of the 
boat superimposed to the steady forward motion. These 
secondary motions are due to the unsteady interaction between 
the rower and the boat as well as the alternative propulsive 
excitation made by the oars. They induce a wave field radiated 
around the boat towards the infinity which modifies the system 
dynamics and add some extra energy consumption. The latter 
is due to free surface effects produced by the interaction 
between the oscillating floating body and the water. By 
considering little motions around the steady forward motion 
the radiation can be modeled in a linear framework. The 
potential flow theory lead to an expression composed of two 
parts. The first is proportional to the acceleration and is related 
to an added mass. The second is proportional to the velocity of 
the boat and is named the potential damping. The radiation 
forces are written: 

0

0 0 0
0 0( ) ( )radF A V B V� �� � � 00)( )0  (49) 

Where ( )A �  and ( )B �  are respectively the added mass and 
potential damping matrices. These matrices depend on the 
frequency  of the motion. The issue is that the frequency 
content of the boat speed and acceleration is not known at the 
simulation runtime because the latter quantities are unknown 
of our problem. Cummins [30] shows that the radiation forces 
can be expressed in the time domain as: 
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where lim ( )A A
�

�7 87
�  and lim ( )B B

�
�7 87

�  are the constant infinite 

frequency added mass and potential damping matrices and the 
convolution term represents the fluid memory effects. The 6x6 
convolution kernel matrix  is the impulse response or 
retardation functions [31]. The impulse response along each 
mode of motion and coupled modes are obtained from the 
seakeeping code AQUAPLUS [32] applied to a meshed rowing 
boat hull. However the computation of the convolution term is 
computationally expensive as it integrates over the whole 
period of simulation. A powerful way to calculate it is to use a 
state-space representation [33] such that: 
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where x  is the state vector of the boat. 
This lead to an augmented set of ordinary differential 
equations for solving both multibody dynamics and hull 
radiation model. 
 

c) Hydrodynamic resistance: 
 

It is expressed in a basic form following ITTC’57 [34] 
formulation: 
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with (1 )t f wC k C C� � � , k  the form coefficient, wC the wave 

resistance coefficient, 
� �2
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log 2

f
e

C
R

�
�

the friction 

coefficient, eR  the Reynolds number. xV  is the x -component 
of the boat speed 0

0V . S and L , respectively the wetted 
surface and the boat length, are considered constant. For the 
simulation presented hereafter, we took 1k �  and 0.1w fC C�  
from model basin trials. 

 
2) Oar hydrodynamics 

 
As the simplified model does not involve arms, interaction 
between oars and the rower are not considered but their 
motions are independently but realistically specified. 
For the example shown here, the modeling of the propulsion 
force is the simplest one, i.e a force normal to the blade and 
proportional to the square of the normal component of the 
absolute velocity at the center of the blade. 

 
The water velocity on the blade can be calculated by (j=5,6): 

 

� �0
j j

Tj j j j
flow I j j j j j t nv v v O I v v�� � � � � �  (53) 

 
where nv  and tv  are respectively the normal and tangential 
components of the flow speed seen by the blade at point jI . 



We define the angle j5  for each oar corresponding to the 
inclination of the oar shaft with the local horizontal plane of 
the boat. With the convention adopted in the model Figure 8, 
we have 6 5 05 5� � ; . Hence the position of the point jI
where the hydrodynamic forces are considered to apply can be 
calculated by 

0
T

j j e j e jO I L C L S5 5� �� �
 �  (54) 
where  is the external lever as defined Figure 9. According 
to [35] the normal forces are expressed by: 

1
2n n n nF SC v v:�  (55) 

where  is the normal force coefficient ( ),  the water 
mass density and  the projected area of the blade. Finally the 
force model to apply on oars can be expressed by 
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The propulsive wrench on the blade is cancelled as soon the 
normal flow velocity nv  becomes positive.  

C. Motion Generation 
 

Because it is more easy to measure human joint angles than 
joint torques, the inverse dynamic model has been adopted for 
the rowing simulation. In this case each active joint trajectory 

jq  has to be specified with its first and second derivative. A 
motion generator specially developed for rowing has been 
developed to generate and adjust motion models for the 
actuated joints. It consists of an interface allowing for 
interactive manipulation of periodic B-Spline curves to model 
each of the joints trajectories on one rowing stroke. The B-
Spline control polygon is used to deform curves by hand. 
As for the human motion, joints trajectories have to be smooth. 
The smoothness is essential to avoid unwanted oscillations in 
the system. As a matter of fact, discontinuity in acceleration is 
seen as a chock by the system which is essentially a spring 
damper system concerning hull hydrodynamics. Hence, to 
ensure this smoothness, degree 3 B-splines have been used. 
Continuity has also to be verified at the boundaries of the 
motion models on one period of motion which lead to periodic 
motion. Figure 10 shows an example of two set of joints 
trajectories generated for the rowing model. 

D. Simulations 
     Although the algorithms presented deals with the six degree 
of freedom of the base, we just kept the surge, heave and pitch 
motions for simplicity. Two different motion sets are used in 
order to compare for the influence on the boat dynamics. Both 
are for a stroke rate of 27spm (period 22s). The difference is 
the ratio between the drive (propulsive) and the recovery (oars 
out of water) phases of the rowing stroke. The ratio is 
respectively 40% and 50% for the first and second set. The 
generation of the two motions is made by deforming B-spline 

curves for active joints variables by hand with the help of the 
control polygon. 
Figure 10 shows the different active variables for the two sets 
of motion. Figure 11 gives the linear forward velocity on one 
period of motion. Figure 12 and Figure 13 show respectively 
the heave and pitch motions. Figure 10 shows that we changed 
the drive/recovery ratio by modifying the time of the 
maximum from 0.89s to 1.11s. It may reflect two rowing 
techniques. The influence on boat velocity is clear on Figure 
11 and we can see that the velocity fluctuation is modified as 
well as the mean boat forward speed (4.28m/s vs. 4.03m/s). 
We superimposed an on-water measured velocity of a single 
skull rowing boat at the same stroke rate to verify for 
consistence of simulation. It appears on Figure 11 that the first 
motion (ratio 40%) better follows the experimental data while 
measurements also approximately sowed a 40% ratio and a 
mean forward velocity of 4.29m/s which is in a good 
accordance with our first simulation. The comparisons on 
Figure Figure 12  and Figure 13 of the zero mean secondary 
motions exhibit smaller secondary motions in favour of the 
second motion. 

 
Figure 10: q2 (knee angle), q3 (trunk angle) and q5 

(starboard oar angle) for both motions 

 

 
Figure 11: Surge velocity of the boat for the two motions 

compared with experimental data at 27spm 

VIII. CONCLUSION 
 This paper presents the inverse and direct dynamic 
modelling of floating multi-body systems. The inverse 
dynamic model is developed using the recursive Newton-Euler 
algorithms. It provides the acceleration of the base beside the 
torque of the joints. The inverse dynamic model is used here to 
simulate two different systems the eel-system has a serial 



structure with 36 joints, and the rowing-system has a closed 
loop structure.  The proposed algorithms have been generalized 
for micro continuous system [19], and flexible flying structure 
[36]. 

 
          Figure 12: Heave motion of the boat for both motions 

 
Figure 13: Pitch motion of the boat for both motions 
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