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Dynamic Modeling and Simulation
of a 3-D Serial Eel-Like Robot

Wisama Khalil, Senior Member, IEEE, Guillaume Gallot, and Frédéric Boyer

Abstract—This paper presents the dynamic modeling of a
3-D-serial underwater eel-like robot using recursive algorithms
based on the Newton—Euler equations. Both direct and inverse
models are treated in the paper. The inverse dynamic model al-
gorithm gives the head acceleration and the joint torques as a
function of the joint positions, velocities, and accelerations. The
direct dynamic model gives the head and joint accelerations as a
function of the joint positions, velocities, and input torques. The
proposed algorithms can be considered as a generalization of the
recursive Newton—-Euler dynamic algorithms of serial manipula-
tors with fixed base. The algorithms are easy to implement and to
simulate whatever the number of degrees of freedom of the robot.
An example with 12 spherical joints is presented. The fluid forces
have been taken into account using a simple model based on Mori-
son’s model.

Index Terms—Autonomous structures, dynamic modeling, eel-
like robot, fluid forces, swimming robot.

1. INTRODUCTION

ECENTLY, many projects are devoted to the design and
R control of anguilliform robots owing to their potential in
specific underwater applications including oceanic inspection
and industrial endoscopy [1]-[3]. The work presented in this
paper is done in the framework of the project “Robot Anguille”
supported by the French Centre National de 1a Recherche Scien-
tifique (CNRS). In this project, the modeling approach is based
on three hierarchical levels: 1) a “macro-continuous” modeling
based on a beam-like approach [16]; 2) a serial rigid bodies
structure with revolute joints and 3) on a Navier—Stokes code
modeling the fluid—structure interactions [11]. This paper is
devoted to the second level, which deals with a hyperredun-
dant serial system. To develop the dynamic models for such a
structure, we propose to use efficient recursive Newton—Euler
algorithms similar to those proposed for rigid and flexible ma-
nipulators [4]-[9]. The main difference between the two systems
is that the acceleration of the base in the case of manipulators is
equal to zero, whereas in the case of a swimming structure, the
head is free and its angular and translational accelerations must
be determined in both direct and inverse dynamic models. The
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proposed dynamic models are easy to implement and simulate
using numerical calculation. The inverse dynamic model, which
is used in general in the control problems, can be used in sim-
ulation too when assuming that, the joint positions, velocities,
and accelerations are given. The direct dynamic model can be
used in simulation when the joint torques are specified.

This paper is organized as follows. In Section II, we present
the kinematic modeling of the robot. Then, in Section III, we
recall the general form of inverse and direct dynamic model
of swimming robots using the Lagrange form and explain our
choice to use recursive Newton—Euler algorithms. In Sections IV
and V, we describe the different steps to solve the inverse, and
then, the direct dynamic model of our robot. In Section VI, we
describe the model of fluid-structure interaction, which is used
to simulate the eel-robot. Finally in Section VII, we present
some simulation results obtained using our algorithms.

II. KINEMATIC MODELING OF THE STRUCTURE

The system treated in this paper is an eel-like robot with
serial structure. It is composed of a sequence of n + 1 links
and n joints. The joints can either be revolute or prismatic.
Since prismatic joints are not used for such robots, we limit
the description and the modeling in this paper for revolute joints
only. A complex joint (universal or spherical) can be represented
by an equivalent combination of two or three revolute joints,
respectively. We use the notations of Khalil and Kleinfinger [8],
[9] to describe the structure. The links are numbered such that
link O constitutes the head of the robot and link n is the tail. We
assign a frame ¥; attached to each link j, such that the z;-axis
is taken along the axis of joint j, and the x;-axis is along the
common normal between z; and z; ;1.

The transformation matrix from frame 3;_; to frame ¥; is
expressed as a function of the following parameters [8], [9]:

1) «;: The angle between z;_; and z; about X;_.

2) dj. The distance between z;_; and z; along x;_;.

3) 6;: The angle between x;_; and x; about z;.

4) r;: The distance between x;_; and x; along z;.

The variable of joint j, defining the relative orientation be-
tween links j — 1 and 7, is given by

0; = q; + qo; (D

where qq; is a constant offset.
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The homogeneous transformation matrix, which define frame
¥; relative to frame ¥;_; is given by the (4 x 4) matrix [8], [9]

Co; —50; 0 d;
jflT- _ CajS(‘)j CajCGj —Sa]- —TjSOéj (2)
J SOLjS@j SajC’Hj COéj ’I’jCOLj
0 0 0 1

where C* and S* denote cos(*) and sin(¥), respectively.

In the following, the upper left exponent indicates the projec-
tion frame. We note that the (3 x 3) orientation matrix / ~'R;;
of frame ¥; with respect to frame ¥;_; is the (3 x 3) upper
left submatrix of /~!T;, whereas the position vector /~'P;
defining the origin of frame X; with respect to frame X;_; is
equal to the upper right (3 x 1) submatrix.

The transformation matrix between the world fixed frame 32,
and the frame fixed with the head ¥ is denoted by “'Ty. This
matrix is supposed to be known at ¢ = 0, it will be updated by
integrating the head acceleration.

The Cartesian velocities and accelerations of the links are
calculated using the following recursive equations [8], [9]:

_ TR, 1 —IR. 71D,
Ty = | J} 3)
L O3x3 TR;j_1
W =T 7V + g ey “
1y [Re Pl x (a0 IRy)]
! Jwj-1 x 47 a;
+ ;' a )
WV =TTy iy ©6)
where
IT;_1 (6 x 6) screw transformation matrix;
P (3 x 3) skew matrix of vector product associated with
the vector P, suchthat P x u=P -u
V; (6 x 1) kinematic screw vector of link j, given by
T 71T
V= [Vl W' @)
V; linear velocity of the origin of frame 3J;;
wj angular velocity of link j;
J a; (6 x 1) matrix defined by
; 03x1
Ja. = | .
J ]hJ ?
0,.xn (M X n) zero matrix;

h; unit vector along z;-axis, representing the joint axis
j.Thus,’h; =[0 0 1]7.
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III. GENERAL FORM OF THE DYNAMIC MODELS
A. Introduction

The dynamic model of an eel-like robot can be represented
by the following relation:

O6x1 | Vo
At o

where

T' (n x 1) vector of joint torques;

q (n x 1) vector of joint positions;

A (6 +n) x (6 + n) inertia matrix of the robot, whose
elements are functions of the joint angles; it can be
partitioned as follows:

A
A:[ 11

Ay

A22

A1 isthe (6 x 6) equivalent inertia matrix of the composed
link 0, which is composed of the inertia of all the links referred
to frame Y (the head).

A is the (n X n) inertia matrix of the robot when the head
is fixed.

A 5 isthe (6 x n) coupled inertia matrix of the joints and the
head. It reflects the effect of the joint accelerations on the head
motion, and the dual effect of head accelerations on the joint
motions. C is the (n + 6) x 1 vector representing the Coriolis,
centrifugal, gravity, and external forces effect on the robot. Its
elements are functions of the head and joint velocities and the
external forces, in particular, the hydraulic forces. This vector
can be partitioned as follows:

c-[&]

C; Coriolis, centrifugal, gravity, and external forces effect on
the head;

C, Coriolis, centrifugal, gravity, and external forces effect on
the links 1,...,n.

10)

where

B. Solution of the Inverse Dynamic Model

In the case of an anguiliform robot, the inverse dynamic model
gives the joint torques and the head acceleration in terms of the
head velocity and joint positions, velocities, and acceleration.
Thus, using (8), the inverse dynamic model is solved as follows.
At first, we use the first row of (8) to obtain the head acceleration

Vo= —(A1) " (C1+ Apd). (an
Then, the second row of (3) will be used to find the joint torques

I'=AVo+Axg+ Co. (12)

C. Solution of the Direct Dynamic Model

In the case of an anguiliform robot, the direct dynamic model
gives the joint accelerations and the head acceleration in terms
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Fig. 1.

Forces and moments on link j.

of the head velocity, and joint positions, velocities, and torques.
Thus, using (8), the direct dynamic model is solved as follows:

KR

Solving the inverse and direct dynamic problems using the
Lagrangian expanded form, as that given in (8), is very time
consuming. This is because of the large number of degrees of
freedom of the system; typically n is equal to 36 for our 12
spherical joint robots. This gives very complicated expressions
for the elements of the matrices A and C. Besides, inverting the
inertia matrix A for the direct dynamic model will be tedious
even for simulation. The researchers who tried such methods
have limited their application for two-dimension (2-D) planar
systems [1], [15], [19] with a small number of internal degrees of
freedom. Therefore, we propose here to use a recursive method,
which is easy to programme, and its computational complexity
could be further improved using the techniques of customized
symbolic method [7]-[9].

13)

IV. RECURSIVE INVERSE DYNAMIC MODE
A. Introduction

In this section, we present the recursive Newton—Euler algo-
rithm for computing the inverse dynamic model of an eel-like
robot. With respect to manipulators, the main difference comes
from the fact that the head is free, and its acceleration must be
determined as an output of the algorithm.

The algorithm is based on the kinematic equations presented
in Section II, giving the Cartesian velocity and acceleration of
the links, and on the following Newton—Euler equation giving
the total forces and moments on each link:

jwj X (jwj X jMS].)

Twj x (137 w))
Hence, the equilibrium dynamic equation of each link is given
by (Fig. 1)

IR =9V + (14)

Tfy =TF 47T 0+ fe (15)

where

F;  total external wrench on link j, given by

T
Fy = [F] Mj]

F; total external forces on link j;
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M; total moments of external forces on link j about the
origin Oj;

J; (6 x 6) inertia matrix of link j:

—IMS;

, M1,
j _ J
J i1,

0= |ius, (16)
JJ; (3 x 3) inertia tensor of link j with respect to frame
Z]';

Is (3 x 3) identity matrix;

M;  mass of link j;

MS; first moments of link j with respect to frame ¥;;

fi  wrench exerted on link j by link j — 1

fi=1€ ml]

fej wrench exerted by link j on the environment, and repre-
senting in our case the fluid—structure interaction effect.

B. Recursive Calculation of the Inverse Dynamic Model
Eel-Like Robot

The algorithm presented in the following can be considered as
a generalization of that of Luh et al. [4] for rigid manipulators.
The generalization concerns the calculation of the acceleration
of the head. The inverse dynamic algorithm, in this case, consists
of three recursive equations (a forward, then a backward, and
then a forward), as for flexible manipulators, instead of two
(forward and backward) for the rigid manipulators with fixed
base.

1) Forward Recursive Calculation: In this step we calculate
the screw transformation matrices, link velocities, and the ele-
ments of the accelerations and external wrenches on the links,
which are independent of the acceleration of the robot head
(Vo, &o). Thus, we calculate for j = 1,..., n,9T;_1,7V; and
J7y; using (3), (4), and (5), respectively. We also calculate 7 3;
representing the elements of the Newton—Euler equations, which
are independent of the head acceleration in (14) and (15) such
that

ig —ip o ['wix (wj x/MS;)
2) Backward Recursive Equations: In this step, we obtain
the head acceleration using the inertial parameters of the com-
posite link 0, where the composite link j consists of the links
5i+1,.n.
We note that (15), giving the equilibrium equation of link j,

can be rewritten using (14) and (17) as
jfj :'ijjV}' _|_j5], +j+1T]Tj+1fj+1~ (18)

Applying the Newton—Euler equations on the composite link j,
we obtain

ify =TV 498, 4+ TT (j+1Jj+1j+1vj+1 +j“ﬁj+1)

o Tl (L 418, ) (19)
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Substituting 7tV 1, ...," "'V, 1, "V, in terms of 7V} using
(6), we obtain

L T
Wi =TV 4+ 7 40,

j42r, 42 JH1T j+2
TV =7 T 0" T Vi +77 5400

=2 (PTG 4 )+ 0 Q0)
nVﬂ :nTJ]V/ +nTi+1j+1’Yj+1+"'+n7n- (21)
From (19)—(21), we obtain
=T @)
with
j e _j i+1Ti+1 7¢ j+1
ij :jJJ +J+ T] I+ Jj+1]+ 1—‘] (23)
755 — Jﬂj +j+1T]_Tj+lﬁ]<;+1 +j+1j}T(i+1J]§+lj+l,yj+1 (24)

where / J§ is the spatial inertial matrix of the composite link j.
For j = 0, and since °f; is equal to zero, we obtain using
(22)
0P = — (°J8) 08 (25)

To summarize, the recursive equations of this step consist of
initialising "JS ="J,," 85 ="f, and then calculating (23)
and 24)forj=n—1,...,0.

At the end, °V}, is calculated using (25).

Comparing (25) with (11), we can deduce that A1 is equal
to 0.J§, whereas %435 is equal to (C1 + A124).

3) Forward Recursive Equations: After calculating OV, the
wrench f; and the joint torques are then obtained using (6) and
22)forj=1,...,nas

IV, =T, Wiy 4y (26)
) jf_ Do e
= {mij] =1Jj Vi +7 6 @7)

The joint torque is calculated by projecting 7 f; on the joint axis,
and by taking into account the friction and the actuators inertia

Uy =7fl a; + Fy sign(q;) + Foj g + Ly g (28)
where
Fy;  Coulomb friction parameter of joint j;
F,;  viscous friction parameter of joint j;
I,;  moment of inertia of the rotor of actuator j.

It is to be noted that the inverse dynamic model algorithm can
be used in the dynamic simulation of the eel-like robot when
assuming that the joint positions, velocities, and accelerations
trajectories are given. At each sampling time, the acceleration
of the head will be integrated to provide the angular and linear
velocities for the next sampling time. The integration of the
linear velocity will provide P representing the position of
the origin of frame 3. Concerning the orientation, the angular
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velocity is first transformed into quaternion velocity using the
following equations [8]:

Q=9,Q (29)
where
0 —Ww1 —W9 —ws3
Q — 1 w1 0 —Wws3 w2
2)Qf w2 ws 0 —wy
w3 —Ww2 w1 0
wo=[w1 w2 ws]
Q=[Q1 @ Qs Qi]". (30)

The integration of (29) gives the quaternion Q. Then, the orien-
tation matrix “ Ry is calculated using the relation

2(Q0+02) — 1 2(Q2Q5 — Q1Q4) 2AQuQa +Q1Q3)
“Ro = | 2(Q,Q5 +1Q4) 2(Q +Q2) —1 2(Q3Q4 - Q1Q2)
2(Q5Q4 — Q1Q3) 2QaQa+Q1Q2) 2(Q° +QF) ~1

(31

where, for an orientation rot(u, o), denoting a rotation around
the unit vector u by an angle «, the quaternion components are
defined as

Q1 = cos(a/2)
Q3 = ug sin(a/2)

where u = [u; ug ug]?.

Q2 = uy sin(a/2)
Q4 = ug sin(a/2)

V. DIRECT DYNAMIC MODEL
A. Introduction

The direct dynamic model of an anguiliform robot must pro-
vide the head and joint accelerations in terms of the joint po-
sitions, velocities, and torques. The proposed algorithm can
be considered as the generalization of that of Featherstone [5]
which has been proposed for rigid manipulators with fixed base.

B. Calculation of the Direct Dynamic Model

The direct dynamic model consists of three recursive calcu-
lations in the same order as those of the inverse dynamic model
(forward, backward, and forward).

1) Forward Recursive Equations: We calculate the link
Cartesian velocities using (3) and (4), and the terms of Carte-
sian accelerations and equilibrium equations of the links that are
independent of the acceleration of the head and of the joint ac-
celerations. From (5), (14), and (15), we calculate the following
recursive equations for 7 = 1,...,n:

) IRy [ lwjog x (Plwig x ITIPy)]
Jro_ j—1 j-1 vi—1 J
“ = { Twj-1 X ¢j'hy 42

(33)

ig =if + r“’j x (Tw; XjMSj)] .

Twi x (137w;)
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2) Backward Recursive Equations: In this second step, we
first initialize "J; ="J,,"B; ="f,, and then, we calculate
for j = n,...,1 the following elements, which permit to calcu-
late / f; and §; in terms of /~1V;_; and will be used in the third

recursive equations [see (A17) and (A18) in Appendix A]:

Hj ="aj7 Ja; + Ia, oY

K =707 =0T a Hi YTy 2
L = T KT ©o
7 =Tj — Fysign(q;) — Fjq; GD

oy =K G+ I H ' (ry = 7ai 7 57) +78;(38)
TG =T T

3) Forward Recursive Equations: At first, the head accel-
eration is calculated by the following relation (see Appendix
A):

(39)

y \ —1 s«
W = — (°F) 8. (40)
We note that °3; is a function of 7, whereas 35 in (25) is a
function of §.

Then, §; and 7 f; (if desired) are calculated for j = 1,...,n
using the following equations (see Appendix A):

= [0 (5 40G) s —aali]
Tfy =T KT T Vi 4 ey 2

where
WV =9V a5 +7¢ “3)

VI. FLUID-STRUCTURE INTERACTION MODEL

To simulate a swimming eel-like robot, we adopt a simple
fluid mechanical model. We assume that the forces exerted by
the fluid onto a given link are due only to the motion of that link.
Moreover the links are assimilated to elliptic cross-sectional
cylinders whose serial assembly builds a shape variable cylinder
with one of its three characteristic dimensions (the axial one)
longer (with a factor larger than 10) than the two others (the
transverse ones). Hence, we can invoke the slender—body theory
of fluid mechanics [20]. Based on this assumption, the 3-D fluid
flow near the body can be replaced by a continuous slicing
of planar flows transverse to the cylinders’ axes. Hence, the
fluid forces can be modeled by a density of wrenches applied
onto each cross section of the links, which only depends of the
transverse links’ motion. This corresponds to the so-called strip-
theory approach, commonly used in naval engineering [21]. It
is worth noting that such a model neglects the influence onto
the fluid flow due to the corners induced by the presence of the
joints.

To simplify the writing, we assume that the mass per unit of
volume of the robot is equal to that of water such that the robot
is neutrally buoyant. Moreover, / V; (s) denotes the velocity of
a cross section of the link j positioned at the distance s along
the link axis from the point O; (see Fig. 2). This velocity can
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planar flow
Fig. 2. Representation of fluid wrench in the cross-section frame.
be decomposed in the local frame (e;1, €2, €;3) as
'Vi(s) = Vij(s)eji + Vaja(s)ejz + Vaja(s)ejs  (44)

where

Vi;  the forward velocity component along axis e;1;
Vaj2, Vajs the perpendicular velocities along axis e and e;3.
We also define V,; =V, sej2+V, se;3, and [V, =
Vn2j2 + ‘/;7,2]'3-
jVj,jqu, and wa
With the previous assumptions, the model of the contact
forces between the fluid and the cylindrical links of the eel
is that of Morison [10], and can be defined by the following

field (along the links’ axes) of hydraulic wrenches densities per
unit of link axial length (with respect to the s cross-sectional

center):
] - [erffdg:(sg)} + [erf{“nffg)} (45)

Jf, . _
st = |
where, forces and moments are given respectively as

Marag(s) = Clar,j [Vij ()| Vi (s)ej

Similar relations to (44) can be written for

T (s)
Tmy,;(s)

3
+ > Cuaij [ Vaj (9)[Vaji(s)eji  (46)

i—2
I Mrag(8) = Cuar,j lwij| wijeji. (47)

And the density per unit of link axial length of added mass
forces and torques is given by

2
jfam(s) - chmi,j ‘./;Lji(s)ej'i (48)
=2
Tmyn(s) = Cam1,jirjei1 (49)

where fy,, and my,; are due to the friction viscosity and
pressure difference, whereas f,;, and m,y,; are in relation with
the quantity of fluid accelerated by the movement. Finally the
coefficients Cjq; j, Cimi,j> Cad1,j and Cqpy1; depend on the
mass per unit of volume of the fluid, the shape and size of
the profile (here elliptic), and the Reynolds number of the
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moving profile in the fluid (approximately 10°). Their expres-
sions are given in Section VIL.
The translational velocity and acceleration are calculated by

IVi(s) =7V +7w; x P (s) (50)
(5D

where /P, (s) is the position of the cross section of distance s
from the origin of the link fixed frame along the eel’s backbone.

Then, by superimposing all the “slice-by-slice” contributions
from s = 0 to s = L; (the axial length of the jth link), we find
the global wrench exerted by link ;5 on the fluid, expressed at

IVj(s) =V 470 x TP(s)+ wj x Jw; x TPy (s)

O; as
. it I frami I
55 = [, = [ ]+ [
L
= [ hsas 52
where
ip oo [ 7 E0i() ] s ([ 7 farag(s) T fum(3)
150 = Ly =T (Lmih] + L))
(53)
and
s o 13 —jP(S)
= {Osx:s I; ] '

The first term (drag and viscous wrench) of (52) is integrated
numerically at each sample time of the algorithm from s =0
to s = L;, while the second contribution (added mass) can be
explicitly computed in the local frame (O;, e;1, €2, €;3) as

l'l fam Vi
T Mgy

jfamj = [ ] —J J]a“V} +'j6amj (54)
where ij[-” is the (6 x 6) added inertia matrix and 7 3,y; the
(6 x 1) matrix of Coriolis-centrifugal forces, both produced by
the added fluid masses. In order to compute these two matrices,
we first rewrite (54) in the local frame (G, €;1, €2, €;3) at the

center of mass of the link G; as
[ 'j famG j

J'f e
amGj —
_]mamGj

] =G Ve +7 Bma;  (55)

where we introduced the notations

jei = | Macj  —mSag;

JGJ _méacj Lia; ] °o
. [ 03><1

J . = A& j j .

Bamaj i %J Si/m,q; (ij X Jw; X jsj)] o7

where /S; is the position of the center of mass of link j with re-
spect to the origin of the link fixed frame. Furthermore, with the
expressions of the local (slice-by-slice) added mass coefficients
(48) and (49), 7 Jg]] can be detailed as follows:

1) the (3 x 3) matrix of added linear inertia

a) ‘myg; = diagi:1,2,3(maij)

where mq1; = 0,ma2; = Cima,j-Lj, Masj = Cims,;Lj;
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Fig. 3. Three-dimensional eel-like robot.

2) the (3 x 3) matrix of added linear-angular coupled inertia

b) ‘ms,z; = 0343

3) the (3 x 3) matrix of added angular inertia
9] anGj = diagi:u,s(laij)

where Ia,lj = Cam 1,5 .Lj 5 Iagj = C[mg"]' L?/lQ, Iagj =
Cim2,j .Lf/12.

At this point, let us remark that all these data correspond to

the (6 x 6) added mass matrix of a thin ellipsoid computed at

its mass center [12].
Thus, (55) can be detailed as

‘JfamGj _ jman
J MamGj 033

Transforming this wrench to the origin of frame j gives the
detailed expression of (52)

03x3 ] [jVGj

= [ eS| Ty,
18i7muq; Tq; —78S;7m,uq;78S,;
N Imc; (YW w;’S;)
(Jijman + ngijan) (ijfijSj)

jfdra j
+ | T 59
s 5
The introduction of (59) into (17) yields the elements corre-
sponding to 7 f,; due to the fluid contact forces and a constant
term to be added to the (6 x 6) inertia matrix of each link called
“added mass” due to fluid. We finally obtain

1] =37, + J} (60)
with
. i i, 8,
]J('lj | 't aGj ) _AU.G.‘] i 61
! []Sﬂmacj Magj —JSijanJSJ ©b
i = [ e Tmag; (67078;) 1 )
Y[ Mg 378 mag; (Vi &7 S;)
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TABLE 1
GEOMETRIC PARAMETERS OF THE STRUCTURE

] 0 g 0; I Qoj
1 0 | 04 | o 0 0
2 -1t/2 0 0, 0 /2
3 -1t/2 0 03 0.14 /2
4 /2 0 0, 0 -m/2
35 -Tt/2 0 935 0 -Tt/2
36 -1/2 0 036 0.14 /2

VII. SIMULATION EXAMPLES

In this section, we present some simulation results obtained
for an eel-like robot using Matlab and Simulink. The robot is
composed of 13 rigid bodies connected by 12 spherical joints.
Each joint is represented by three intersecting revolute joints
(Fig. 3). This gives a system with 36 revolute joints and 37
links. The first link (link 0), which is the head of the robot, is
composed of a half of a spheroid and an elliptic cylinder. The
links 3 j—2and 3 5 — 1, for j =1,...,12, are virtual zero
length and zero mass links; thus, there are no fluid forces acting
on them. The links 37, for 7 = 1,...,12 are elliptic cylinders
and the last link, the tail, is ended by a half of an ellipsoid.

The geometric parameters of the robot are given in Table I.
The offset values qp; are defined such that with g;= 0, the z-
axis is aligned with the z3;-axis of the elliptical cylinder bodies
(with j being the number of the spherical joint, j = 1,...,12).

From Fig. 3, we deduce that the local frames (e;1, €;2, €;3)
taken to express the fluid—structure model for the link O and
35(j =1,...,12) are as follows.

1) Forthe head, eg1 = X9 €92 =Yyo €03 = Zo-

2) For the links 3], €3j1 = Z3; €352 = X3; €3;3 = Y3;-

The total length of the robot is of 2.08 m. The cross section is
of elliptic shape (whose great axis length is equal to 18 cm and
its small axis length is equal to 13 cm). Denoting that the half
small and great axis’s lengths of the elliptic section are a and b,
the coefficients of the fluid—structure model (46)—(47) are

Clq1 = (1/2)p01ﬂ'(a + b)/2 Cla2 = (1/2)p022b
Cus = (1/2)pCs2a  Caar = (1/2)pCa(b* — a®)?
Clmgzpwb2C5 C1m3:p7ra2C6 Camlzpr7(b2—a2)2/8

where p is the robot volume density taken equal to 1.

From [12], Cl = 0.01,02 = 03 = 04 =1 and 05 = 06 =
C7 = 1 which correspond to the values of a cylindrical obstacle
plunged in a flow with a Reynolds number of approximately
R, ~ 10°, meaning an eel velocity of approximately 1 m - s~ 1.

The simulation is carried out firstly using the inverse dynamic
model by giving q(t), ¢(t), §(t) as inputs and °V(0) = 0 as ini-
tial condition. Then, to validate the direct dynamic model, the
simulation has been carried out using the inputs q(t), q(¢), and
I'(t) obtained from the first simulation using the inverse dynamic

model, and the initial condition °V;(0) = 0. The two simula-
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tions give the same results, which are given in the following
sections.

A. First Example: A Planar Propulsion

In this example, we study the planar forward propulsion. Fol-
lowing biomechanic’s literature about anguilliform locomotion
[13]-[15], we start with a planar forward propulsion motion. It
is produced by a continuous motion law of the following form:

S

Qs,t) = F(t). A sin {% ( _ tﬂ 63)

AT
where A is the amplitude of the motion, « is introduced to
increase the amplitude when going from the head to the tail [14],
1/T is the frequency of the wave, A represents the length of the
wave, and s the curvilinear coordinate along eel’s backbone
(Fig. 4). The function f(t) is a smoothing function, which is
taken equal to

fO)=fit)=ao.t’ +ar.t* +ast® +azt® +agt +ast <ty
flt)=1 (64)

where the coefficients satisfy the following conditions:
A0)=0 fi(t;)=1 f1(0)=f1(0)=0
fl(tf) = fl(tf) =0

and t; is the ending time of fi (t).

To apply this continuous motion law to our model, we have
to discretize (63) to have the corresponding value on each joint
[18]. The values of the first joints of the spherical joints (joints
numbered j = 3¢ — 2, with ¢ = 1,...,12 denotes the number
of the spherical joint) are

qj(t) = Q(Xj-i,-l’t) - Q(Xjat) + O,

where X;= 21:1 r 1s the distance of each joint from the
head, and Oy, is a constant value used to carry out the deviation
of the eel.

The other joint angles are taken equal to the constant offset
given in Table I. The following numerical values are used:

A=006 a=12 t;=2s A=18m
T:280ff1:0.

t >ty

(65)

Fig. 5 shows the head trajectory of the eel in the x,,—y,, plane
of the fixed world frame for a simulation of 30 s.

Fig. 6 gives the linear forward velocity of the robot in the
fixed-world frame.

These results show that the eel has a straight line trajectory
with a small transversal oscillatory motion. With the proposed
motion law, the eel needs approximately 30 s to reach its final
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Fig. 6. Velocity of the head with respect to time.

speed, in order to satisfy the following limits of our actuators
forj=1,...,12:

I'nax = £4N - m for joints 3 j—2 and 351
Tax = £0.7N - m for joints 3.

B. Second Example: A Three-Dimensional Looping

The goal of this example is to make the eel follow a vertical
circular trajectory in the x,,—z,, plane of the fixed frame. This
is achieved by adding to the propulsive law of the first example,
the following evolution on the second variables of the spherical
joints (j =3i— 1) fori=1,...,12:

qj= f(t)off2

where f(t) is the same function defined in the planar example.
The last joints (j = 3¢ for ¢ = 1,. .., 12) of the spherical joints
are taken equal to the constant offset given in Table I. The values
of the propulsive law A,c, ¢, A, T, and Oy, are the same as in
the first example, whereas Og, = m/40.

(66)
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Figs. 7-10 show the joint trajectories and torques of three
spherical joints. Fig. 11 shows the trajectory of the head in the
X—2Zy plane of the world fixed frame and ten configurations of
the eel during the simulation. The motion presented is carried
out in 60 s. This second example has validated the possibility of
3-D motion.

VIII. CONCLUSION

This paper presents the inverse and direct dynamic modeling
of a swimming eel-like robot. The dynamic models are devel-
oped using the recursive Newton—Euler formalism. The inverse
model provides the acceleration of the head of the robot and the
torque of the joints whereas the direct model provides the accel-
eration of the head and of the joints. These algorithms constitute
the generalization of the algorithms of articulated manipulators
to the case where the base is not fixed. The generalization takes
into account the mobility of the base, which constitutes here the
eel’s head. Moreover, based on the literature of fluid mechan-
ics, a simplified model of the fluid—structure contact is adopted.
The presented research is currently being used to develop an
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eel-like robot with the same dimension and with the same num-
ber of degrees of freedom as given in the simulated examples.
However, the proposed algorithm can be used for other type
of systems (snake robots, flying robots, etc.) by taking an ap-
propriate external force model. Future work will involve the
following.
1) The generalization of the given algorithms for hybrid
structure, where the robot is composed of parallel mod-
ules, which are connected in series.
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2) The development of a more accurate fluid contact model,
which takes into account the articulated structure of the
robot.

APPENDIX
o ; i—171,
OBTAINING §; AND 7 f; IN TERMS OF / =2V _;

In this appendix, we detail the equations of the second and
third recursive step of the direct dynamic model. The principal
idea is to calculate §; and J fj in terms ofj’lf/}-,l. Using (14),
(15), and (17), we can write the equilibrium equation of motion
of link j as

jf], :ijjVj +jﬁj +j+1TjTj+1fj+1 (A1)

with
W =1Vii +aid; +7¢;. (A2)
Thus
fi="J; (jvjfl +7a;q; +jCJ) +IHTIT 48
(A3)
As link n is a terminal link, then " +! fnt1 =0, using (A3) for
J = n, we can obtain

o= (Vi il +7G) B (AY)
To obtain ¢,, in terms of ”’1Vn —1, we use (28) giving
Ja If; =1 — Ia;g; (AS5)
where
7, =T — F; sign((jj) — F,;q;. (A6)

So, introducing (A4) into (AS5), we obtain

G = B (=" al" gy (Ve 4G )+ —al )
(A7)
Then, by introducing (A7) into (A4)
"fo ="K,V + "y (A8)
with
H, ="a’"J,"a, + Ia, (A9)
MKy ="Jy =" J" ayH, " al" T, (A10)
"o ="K, "o+ " Ty an H 1(7_n n Tnﬂn)‘Fnﬁn-
(A11)

Equations (A7) and (A8) give ¢, and " f,, in terms of ”’1Vn_1.
For link n — 1, we can rewrite equation (A1) (after replacing j
by n — 1) and using (AS8) as

nilJnflnil"/nfl == n71f71,71 - nTrzllnfn - n716n71
(A12)

which can be rewritten after substituting for * f,, from (AS8) as
" l.fn 1= n-l n—1 (nilvn72 +n71an71q‘n71 +n71<n71)

+n,1 ;71 (A13)
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with
71,71J:;71 _ 7L71Jn71 _’_nTglannn I (A14)
n—1 ;;71 _ n_lﬁnfl + 71,T371nan. (A]S)

Equation (A13) has the same form as (A4); thus we can obtain

="K, T Ve . (ALG)
By generalizing this approach for the other links (j = n,..., 1)
T = KT Vi ey (A7)

G =H; ' [l (Vi +7¢) 47— Jal 5] (A18)

J
with
Hy =9al9Ja; + 1, (A19)
TK; =70 =707 a;H Vay/ Jy (A20)
7 =T = Fysign(g;) — Fujd; (A21)

Tay = K¢+ T a Hy (g = Taf! B) +7 3 (A22)

j—lJ;_:l :‘7'71Jj,1 _|_J'TjT71jijTj71 (A23)
j—1 ;71 _ j*lﬁj71 _|_jj"]_1:1(7aj. (A24)

We notice that, for the head (j = 0), (A19)—(A22) are not valid
since there is no motor on it. By using (A1) and the fact that® f;
is equal to zero, we obtain

0="J"V% + 8o+ 'T7 ' f1. (A25)
By using (A17) for 5 = 1, (A25) becomes
0="°J,"Vy + B0 + LT (1K11T00VO + 1a1)
0="7V+ 8. (A26)
The resolution of this equation gives
OV = — (°Jg) 08 (A27)
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