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ABSTRACT
The large equivalent shallow-depth explosion problem is very significant in the field of naval architecture and ocean engineering, as such
explosions can be used to attack and demolish ships and anti-ship missiles. In the current work, a refined numerical study of the flow-field
characteristics of a large equivalent shallow-depth explosion is carried out using a self-developed Eulerian finite element solver. First, the
numerical model is validated against theoretical results and a small equivalent explosion test in a tank. The numerical results are found to
agree well with the theoretical and experimental results. In the next step, the cavitation cut-off effect is added to the underwater explosion
model, and the cavitation phenomenon is quantitatively analyzed through the flow-field pressure. In addition, the dynamic characteristics
of the bubble and water hump under various initial conditions for different stand-off parameters are analyzed. The effect of gravity on these
physical processes is also discussed. The bubble pulsation period, taking into account the free surface effect, is then quantitatively studied and
compared with Cole’s experimental formula for an underwater explosion. Overall, when the stand-off parameter γ > 2, the influence of the
free surface on the empirical period of the bubble is not significant. Our investigation provides broad insights into shallow-depth underwater
explosions from theoretical, experimental, and numerical perspectives.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0156558

I. INTRODUCTION

Bubble dynamics1–6 are of enormous practical importance
in multi-phase fluid mechanics and have a wide range of appli-
cations in many fields, such as underwater explosions,7–10 the
exploration of ocean resources,11,12 ultrasonic cleaning,13,14 and
medical treatment.15,16 The explosive bubbles generated by an
underwater explosion can cause severe damage to ships, marine
structures, and habitats.17,18 The pulsed pressure wave emitted by
an air-gun-generated bubble can be reflected by complex seabed
topography.11,12 Micro-bubbles can efficiently clean the surfaces
of structures.13,14 Extracorporeal shock wave lithotripsy (ESWL)

is an effective medical treatment used to provide relief from kid-
ney stones. High-energy shock waves are used to generate cavita-
tion bubbles and their collapse can fragment a kidney stone into
pieces.15,16 The dynamic characteristics of bubbles generated by
underwater explosions are more complex and have a high level
of research significance due to their ability to displace a signifi-
cant water volume and generate extreme wave conditions near the
explosion, thereby enhancing demolition conditions. A great deal
of research has been carried out on the engineering of underwater
explosions.18,19

The phenomenon of a bubble collapsing in a cuvette filled
with water is called an underwater collapse of a bubble. Bubble
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characteristics are inherently complex, and their behavior becomes
even more intricate, considering multiple bubbles and boundary
effects.20,21 Wardlaw and Luton22 and Rapet et al.23 observed jets and
shock waves reflecting off bubbles during the implosion of an under-
water cavity near a structure. Zhang et al.9 originally proposed a fully
coupled fluid structure interaction model and revealed the strong
nonlinear interaction characteristics between underwater explosion
bubble and structure. Han et al.24 effectively combined BEM models
and experiments, and uncovered the mechanism of the interaction
between the cavitation bubbles and the interface of two immiscible
fluids. Riley et al.25 performed Eulerian simulations, and Li et al.26

conducted simulations based on the Navier–Stokes equations. Brett
and Yiannakopolous10 found that shock waves dominate the load
on the steel plate, rather than pressure waves caused by pulsating
bubbles. The loads induced by collapsing bubbles on a cylinder were
more severe than other loadings.23

A shallow-depth explosion is a more complex multi-phase
flow problem that has attracted the attention of a large number of
researchers27–29 because of its complexity, volatile flow, and effec-
tiveness in destroying targets. Over the past century, a lot of excellent
work has been done in the field of underwater explosions. How-
ever, there are still some technical difficulties, such as those posed by
multi-scale simulations. The explosive shock wave, pulsating shock
wave, and bubble jet load can all affect the vitality of marine ships.
The bubbles and water hump are two typical flow characteristics
observed during shallow-depth explosions. In addition, different
flow dynamics characteristics are produced by different initial con-
ditions. The water hump also has essential research value due to its
destructive applications. It is formed specifically from shallow-depth
underwater explosions by the pulsation of a bubble and the pressure
gradient over the bubble’s surface. A bubble’s hump dynamics can
provide a low-cost, universal terminal defense system for ships and
marine structures. In essence, it is beneficial to master the key ele-
ments of shallow-depth explosion dynamics. A schematic diagram
of a shallow-depth explosion is shown in Fig. 1.

FIG. 1. A schematic diagram of a shallow-depth explosion.

The complexity of the shallow-depth explosion problem makes
accurate analytical solutions challenging to obtain. Numerical sim-
ulations26 and experimental studies30 can help us to understand the
physical essence of complicated problems. The traditional BEM31,32

struggles to represent refined phenomena, such as detailed fluid frag-
mentation. Other numerical methods have been used in the study
of shallow-depth explosion problems, including the finite volume
method (FVM),26 the finite element method (FEM),33 and the mesh-
less method.34 Szymczak and Gamache28 established the shallow-
depth explosion model, which does not consider the compressibility
of the fluid. However, when compared to experimental results, their
numerical model was found to be capable of roughly simulating
the entire underwater explosion process. Li and Rong35 used MSC
Dytran software to simulate bubble and free surface dynamics in
shallow underwater explosions, proving that an Eulerian solver can
deal with nonlinear problems. Li et al.26 used the open-source solver
Open-FOAM based on the FVM to simulate underwater explo-
sions. The numerical results of the FVM are highly consistent with
experimental results. Thanh Hoang et al.36 conducted a meticulous
study on this problem using the FVM, demonstrated the complex
hydrodynamic characteristics of the free surface, and determined the
typical physics behind the unstable water skirt phenomenon for the
first time in the academic field.

Furthermore, the interaction between bubbles and the free sur-
face has also been studied extensively in experiments. Cole and
Weller37 provided observations and empirical formulas for large
underwater explosions using a number of experiments. Zhang
et al.18 used a pressure-reducing device to analyze bubble character-
istics under large buoyancy parameters. Zhang et al.38 investigated
the motion evolution processes of bubbles and water hump charac-
teristics for different stand-off distances through small-scale electric
spark bubble experiments. Despite all of this excellent previous
work, some complicated problems still need to be solved, such as
the characteristics of large equivalent shallow-depth explosions, the
cavitation effect, and refined numerical simulations.

In this work, using state-of-the-art approaches, a transient
numerical shallow-depth explosion model is established based on
the compressible Eulerian FEM. Numerical results are obtained
from the in-house codes developed by our team. First, the numer-
ical model proposed in this paper is verified through comparisons
with theoretical predictions and with experimental results of a small
equivalent explosion test in a meter-scale tank. The numerical results
agree well with both the theoretical and experimental results. In
the next step, the underwater explosion model, which takes into
account the cavitation cut-off effect, is quantitatively analyzed by
investigating the flow-field pressure. The dynamics of the bubble
and water hump under three initial conditions for different stand-
off parameters are then analyzed and presented. Finally, the effect
of gravity on this physical process is further investigated. In addi-
tion, the bubble pulsation period considering the free surface effect is
quantitatively compared with Cole’s underwater explosion empirical
formula.

II. NUMERICAL METHODS
A. Eulerian finite element method

Numerical methods based on the Eulerian and Lagrangian per-
spectives are two typical approaches in computational fluid dynam-
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FIG. 2. A schematic diagram of the Eulerian finite element method.

ics. Considering the advantages of both, the Eulerian finite element
method39–43 is an effective solution for dealing with complicated
transient non-linear problems. A schematic diagram of this method
is shown in Fig. 2. The fluid properties are assigned to the mesh
in the Eulerian finite element method. The core of the strategy is
to perform a Lagrangian calculation step, followed by a remap-
ping in which the solution is converted from distorted Lagrangian
information to Eulerian information.44

The compressibility of the fluids is taken into account in the
present work. However, the viscosity and surface tension of the fluid
are ignored, as they have little effect on the overall transient shock
process. The governing equations are the following—the continu-
ity equation, the momentum equation, and the energy equation,
respectively:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂ρ
∂t
+∇ ⋅ (ρu) = 0

∂ρu
∂t
+∇ ⋅ (ρuu) = −∇p + ρb

∂ρein

∂t
+∇ ⋅ (ρeinu) = −p∇ ⋅ u,

(1)

where ρ denotes the fluid density, t denotes the time, u denotes the
velocity vector, p denotes the element pressure, b denotes the body
force, and ein denotes the internal energy per unit mass.

Operator splitting is the important mathematics thoughts,
and the solution of the governing equation can be divided into
Lagrangian and Eulerian calculation steps based on this method. The
entire process is summarized as follows:

(1) The computational mesh is embedded in the material
domain in the Lagrangian calculation step, and the mesh
position at discrete points is solved in time.

(2) When the pressure and gravity in each zone or element are
known, the nodal forces are calculated. Immediately, the
nodal acceleration is obtained by dividing the nodal forces
by the nodal masses.

(3) In the Lagrangian calculation step, the velocity and displace-
ment are given by integration.

(4) The volume of fluid (VOF) method, the monotonic upwind
scheme for the conservation laws, and the half-index shift
algorithm are used to determine the amount of transport
between adjacent elements and nodes.

(5) Based on the work done, the internal energy, pressure, and
density are recalculated.

(6) Variable correction processing is performed, such as for pres-
sure balance, and the element variables are calculated again.

Then, the new parameters are substituted into step (2), and
the iterative calculation is continued until the calculation
termination condition is met.

B. The equation of state
The equation of state for the water and air is set from the

Tammann equation12

p = ρem(κ − 1) − κPw, (2)

where Pw is the reference pressure. The pressure of the internal gas
production of the explosive is modeled with the Jones–Wilkens–Lee
(JWL) equation46

p = A(1 − wρ
R1ρ0
)e1 + B(1 − wρ

R2ρ0
)e2 + wρem, (3)

where A, B, R1, R2, and w are the material constants. ρ0 and ρare
the densities of the explosive and the gas production. e1 and e2 are
defined as

e1 = exp(−ρ0

ρ
R1), (4)

e2 = exp(−ρ0

ρ
R2). (5)

The fluid constants for the Tammann equation and the JWL
equation are given in Tables I and II.

Upon the detonation of the explosive, a spherical shock wave
moves outward. The free surface reflects this shock wave as a rar-
efaction wave, and it then travels back down through the gas globe
of the explosive product. Due to the tension created behind the rar-
efaction wave, cavitation occurs, and some of the water is gasified.
In science, cavitation is a relatively complex physical phenomenon.
Various methods47,48 have been used to establish a reasonable cav-
itation model. The pressure truncation model and the cavitation
model considering phase transitions49 are two mainstream numer-
ical models. The pressure truncation numerical model proposed by
Xie et al.48 is used in this paper,

P =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Tammann’s, P ≥ Psat ,

Psat + Pgl ⋅ In[
ρgcg

2(ρl + α(ρg − ρl)
ρl(ρgcg

2 − α(ρgcg
2 − ρlcl

2))
], Pε < P ≤ Psat ,

Pε, P < Pε

(6)

TABLE I. Specific material constants for water and air.45

Material Pw (MPa) κ ρ0 (kg/m3)

Water 330.9 7.15 1000
Air 0 1.25 1.40

TABLE II. Specific material constants for TNT production.45

Material A (GPa) B (GPa) R1 R2 w ρ0 (kg/m3)

TNT production 371.2 3.20 4.15 0.95 0.30 1630
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where Psat represents the physical saturated vapor pressure, Pε rep-
resents a pressure close to zero, Pgl represents the pressure phase
associated with the volume fraction (with the subscript representing
the gas and liquid phases), α represents the volume fraction of the
liquid phase, and c represents the velocity of sound. The numerical
simulation results take into account the cavitation effect and will be
presented in the following sections.

C. The multi-phase VOF method
The VOF method50–53 can explicitly capture interfaces and

describes the parameter of materials in terms of their volume frac-
tions. It is one of the most common methods used in the area of
computational fluid dynamics. For the physical problem studied
in this paper, there are three fluids: air, water, and explosive pro-
duction. When there is only one material in the element, the fluid
interface is the boundary of the element. When there are two or
three materials in the element, the fluid interface is determined by
the least-squares method. In the current work, the air, water, and
explosive production are presented as one element, and the volume
fractions of the air and the explosive production are added together
to produce a mixed material. This element is then treated as a two-
phase element, as shown in the schematic diagram of the interface
establishment (see Fig. 3). The governing equation for the volume
fraction is

∂ fi

∂t
+ u ⋅ ∇ fi = 0, (7)

where fi is the volume fraction of the fluid. The least-squares method
equation is as follows and is used to determine the fluid interface:

∂

∂mi
∑

j
[x(η j , Ϛ j) − fair+products] = 0, (8)

where mi is the coefficient of the interface function and is used to
establish the interface, and ηj and Ϛj are the jth adjacent element
center coordinates.

D. Numerical setup and parameter processing
All the current calculations are based on our team’s self-

developed in-house Eulerian finite element solver. The source code
used for the calculation is written in the programming language
FORTRAN, which is an assembly language that is widely used in

FIG. 4. A comparison of the numerical and theoretical results (Zhang’s equation5),
the maximum bubble shapes with different grid sizes are marked.

scientific computing. In the numerical model, the computational
cost is effectively saved by a parallel algorithm. In this work, the
number of grid elements for each numerical case varies between
1 and 3 × 106, and this grid resolution was sufficient to achieve
the reliable numerical simulation of the fluid dynamics charac-
teristics. The simulations were performed using a processor Core
i7-8700 (3.2 GHz) and a memory of 15.8 GB. The parallel Open-
MP mode was used in our computational code to accelerate our
calculations. The numerical simulation took between 5 and 24 h
to compute the dynamics of an underwater explosive bubble up to
more than two periods. In addition, an asymptotic grid and a non-
reflective boundary were used in this work to further improve the
simulation.

For a real-scale shallow-depth explosion, W is the initial explo-
sive weight, d is the detonation water depth, and Rm is the maxi-
mum diameter of the bubble. These are the dimensional parameters
used to quantitatively describe the initial conditions. The non-

FIG. 3. A schematic diagram of the interface establishment for various fluid phases.
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FIG. 5. A diagram of the experimental device.

dimensionless parameter γ = d/Rm is used to qualitatively sum-
marize the physical behaviors of the bubble and illustrate the
results.

III. COMPARISON OF THE NUMERICAL RESULTS
A. Comparison with theory

First, the numerical method was validated using the Zhang
equation, which is an epoch-making milestone work in the field of
bubble theory after the Rayleigh-Plesset and Keller equations, that
can pioneeringly predict the compressible migration motion of bub-
bles.5 When the bubbles interact with the free surface, they undergo
a clear compressible migration, and Zhang’s equation can express

these complex characteristics. The equation for the bubbles is as fol-
lows, where Hu is the enthalpy, R is the bubble radius, C is the sound
velocity in water, and v is the bubble velocity:

(C − Ṙ
R
+ d

dt
)[R2

C
(1

2
Ṙ 2 + 1

4
v2 +Hu)] = 2RṘ 2 + R2R̈. (9)

For comparison purposes, 1.3 g of TNT was detonated at a
water depth of 0.4 m, generating bubbles with a maximum radius
of 0.169 m. A comparison between the numerical and theoretical
results is shown in Fig. 4. In the numerical simulation, the calcula-
tion domain was 0.5 × 1.0 m2, and the grid sizes were 0.009, 0.012,
and 0.015Rm. The calculation boundary was set as a non-reflective

FIG. 6. A comparison of the experimental and numerical results for the free surface under typical shallow-depth underwater explosion conditions in which 14.0 g of a
TNT-equivalent explosive was detonated 2 cm beneath the free surface.
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boundary.54 The accuracy and convergence of the numerical meth-
ods can be preliminarily verified through theory, and the bubble
shape is also convergent. But for important phenomena, such as
free surface breaking and water humps, further verification is needed
through experiments.

B. Comparison with experiments
After the comparison with theoretical predictions, the results

of our numerical method were verified through a small equivalent
explosion experiment. The small equivalent underwater explosion
is an alternative experiment that is similar to a real-scale under-
water explosion. Due to its smaller size, the associated costs are
significantly reduced, and in addition, these experiments can pro-
vide improved personal and environmental safety. The free surface
evolution and bubble pulsation behaviors can be obtained from the
experiments by means of high-velocity videography. The experi-
ments were carried out in a dedicated tank for explosive experi-
ments. The size of the tank was 4 × 4 × 4 m3, with a 10 mm wall
thickness made of steel plates welded together to form the appear-
ance of a cubic tank (see Fig. 5). The water tank can only perform
some small equivalent experiments, approximately within 50 g of
TNT explosive, in order to avoid the influence of boundaries. The
front of the tank had an observation window and the illumination
window on the opposite wall was made of transparent PMMA plates.
A studio with a high-velocity camera and processing unit was set
up on the side of the observation window. The illumination was
provided by a 300W studio light to facilitate the imaging. The safe
house served as space for scientists to be kept safe from the result-
ing shock wave, noise, and possible accidents. Due to the large-scale
height, the studio and tank had a ladder. The fluid shape was cap-
tured through the high-velocity camera in the studio. A diagram of
the experimental device is shown in Fig. 5.

Figure 6 shows a comparison of the experimental and numer-
ical results for the free surface under typical shallow-depth under-
water explosion conditions, in which 10.4 g of a TNT-equivalent
explosive was detonated 3 cm beneath the free surface. In the
numerical simulation, the computational domain had a size of
1.0 × 2.0 m2 and the number of grid elements was 125 750. The out-
let side boundaries were set as non-reflective boundaries.54 It can
be seen from Fig. 6 that the numerical results in this paper are in
good agreement with the experimental results, showing similar typ-
ical physical characteristics for the free surface movement, bubble
pulsation, and water hump. The actual process of the explosion is
more complicated, so the free surface in water tank of the repeated
experiments could not be completely calm. Therefore, the irregular
asymmetric movement of the free surface in the later period was not
simulated.

Overall, the results obtained from our proposed numerical
method agree well with both the theoretical and experimental
results. In Sec. IV, the results of a few more numerical cases are
illustrated under full-scale conditions.

IV. RESULTS AND DISCUSSION
This section describes the results obtained from the proposed

numerical method and analyzes the effect of cavitation models, the
influence of the stand-off distance, the free surface, and gravity at
full scale.

A. The influence of the cavitation model
on the numerical simulation

Figure 7 shows a pressure and cavitation area diagram for
200 kg of explosive detonated 4 m beneath the free surface. As can
be seen from Fig. 7, the cavitation phenomenon is clearly seen in
the numerical simulation results. The cavitation area is marked in
the figure as the area where the pressure is smaller than Pε. For
the large-equivalent shallow-depth underwater explosion problem,
the existence of the cavitation phenomenon is undeniable. In con-
trast with previous studies, it is observed that the cavitation region
evolves with the spread of the shock waves in the domain. Just after
the generation of the rarefaction wave, the cavitation area is located
above and close to the exploding bubble. Thereafter, due to the radi-
ation of the wave generating a low-pressure zone, the cavitation
zone is mainly distributed on both sides of the exploding bubble.
Transmission is also clearly seen.

The time evolution of the pressure at three measurement points
is shown in Fig. 8. The three measurement points, numbered 1 to 3,
are 20 m away from the free surface and at horizontal distances of
7.5, 15, and 22.5 m from the bubble center position, respectively. As
can be seen from Fig. 8, a large shock wave is detected at the mea-
suring point P1. The peak value of the pressure differs greatly for
different measuring points because the shock wave dissipates faster
in the water. Subsequently, there is a distinct low-pressure zone in
the curve caused by pressure truncation. At the end of the curve, cav-
itation collapse and rebounding occur, which is consistent with what
has been described in previous literature55 and fully validates the
algorithm’s effectiveness. The highest pressures measured during the
explosion were about 12 MPa. Peaks in the pressure measurements
were also observed post-explosion at t = 0.82 s. These post-explosion
pressure pulses can be related to the cavitation phenomenon because
the cavitation regime also appears at the same time. The cavitation

FIG. 7. A pressure and cavitation area diagram for 200 kg of explosive detonated
4 m beneath the free surface.
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FIG. 8. The time evolution of the pressure measured at different measuring points in the domain.

FIG. 9. The evolution of the free surface and velocity field for the case in which 200 kg of explosive is detonated 2 m beneath the free surface. The free surface scalar is
shown in the left half and the velocity scalar is shown in the right half of each panel. Very high velocities are observed during the explosion stages, which break the free
surface.
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phenomenon mostly occurs in the shock wave stage and has a short
duration. This paper believes that its impact on the pulsation of
explosives bubbles can be ignored.

B. The influence of the stand-off distance
on the shallow-depth explosion

The stand-off distance is an important factor in shallow-depth
underwater explosions and affects the flow field’s dynamic charac-
teristics. For real-scale underwater explosion problems, the bubble
pulsation characteristics and the water hump shapes are more com-
plicated than those of small bubbles. Meanwhile, the effect of the
stand-off distance has a more significant effect on the explosion
and surrounding fluid-flow characteristics. The numerical simula-
tion results under three typical initial conditions are analyzed in
this article and the corresponding explosion physics is summa-
rized. In order to thoroughly understand the flow field dynamics

characteristics as a whole, fixing of the upper and lower limits is
adopted in our work for velocity diagrams with the same work-
ing conditions. And the size of the computational domain is all
50 × 100 m2, with a minimum grid size of 0.1 m and a non-reflective
boundary.

When γ = 0.11, the initial position of the explosive is very close
to the free surface. The free surface is ruptured and reclosed during
the expansion and collapse stage of the bubble. Tian et al. provided a
detailed introduction to this phenomenon for near-surface explod-
ing bubbles,33 and a velocity diagram shown in this paper further
reveals the underlying physical mechanism. As shown in Fig. 9, the
breaking and reclosing of the free surface is clearly reflected in the
computed results. It can be postulated that the high-pressure gas
generated by the instantaneous explosion diffuses to the surround-
ings at a very high velocity, breaking the free surface. When the free
surface recloses to form a new bubble, the intense motions of the free
surface still produce an outward-moving jet. When t = 0.86 s, the

FIG. 10. The evolution of the free surface and velocity field for a case in which 200 kg of explosive is detonated 20 m beneath the free surface. A floating bubble and water
hump are observed.
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bubble enters the annular bubble stage due to the jet penetration.
Owing to the internal–external pressure difference and buoyancy,
the thin water layer breaks in the second expansion stage of the bub-
ble at t = 1.25 s. In addition, the evolution of a water hump under
such conditions is clearly seen after t = 1.97 s. At this time, the water
hump is relatively thin, and its height is exceptionally high, reaching
a height of the order of hundreds of meters. In the bubble expansion
stage, since the bubble is close to the free surface, the rate at which
explosion energy is obtained by the water at the free surface is very
significant. Due to the breaking of the water layer, a water skirt is
also formed at the root of the water hump. This phenomenon has
rarely been addressed in previous investigations in the literature. At
t = 1.97 s, the higher precision of the numerical calculation method
enables the feathering and fragmentation phenomenon of the free
surface to be effectively captured. This feature demonstrates the abil-
ity of the proposed numerical method to capture tiny features of the
flow dynamics during underwater explosions.

When γ = 2.22, the initial position of the explosive is relatively
far from the free surface compared to the previous case. There exists
very little detailed analysis of this kind of underwater explosion in
the previous literature. It can be seen from Fig. 10 that the bub-
ble expands spherically in the expansion stage after explosion, and
that the shock wave generated by the explosion is transmitted and
reflected at the free surface. The transmission mode of the shock
wave was described in detail in Sec. IV A. Since the induced force
generated by the free surface is smaller than the buoyancy of the
bubble, in this case, the bubble generates an upward jet, and the
dynamics of the bubble are initially consistent overall with those of
a free-field explosion bubble. After t = 0.78 s, the bubble enters the
annular stage, and the bubble exhibits a floating motion state in the
form of an annular bubble due to the effect of buoyancy. At t = 1.79 s,
the bubble breaks at the free surface, forming a water skirt fea-
ture. In general, this water hump is low in height, but its bottom
shape is very similar to the water hump in Fig. 9. Since the bubble

FIG. 11. The evolution of the free surface and velocity field for the case in which 200 kg of explosive is detonated 5 m beneath the free surface.
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eventually produces a significant dynamic response to the free
surface, this case can also be considered a typical shallow-depth
explosion.

When γ = 0.28, the initial position of the explosive is a little
farther from the free surface. Under this condition, the expansion
of the bubble causes the free surface to rise, as shown in Fig. 11.
When the bubble grows to a definite volume, a jet similar to that
in Fig. 9 is generated due to the induction of the free surface, and
the generation mechanisms of the two are the same. At t = 0.90 s,
the bubble produces a rebound effect in the annular phase, and the
rebound causes fluid in the free surface to obtain a certain velocity
of movement, which in turn causes two tiny water skirts to appear
on both sides of the water hump. As shown in Fig. 11, the water
skirt movement causes the water hump to adopt a fascinating crown
shape. When t = 1.70 s, the number of water skirts on both sides con-
tinuously increases due to multiple pulsations of the bubbles. This
phenomenon has also rarely been described in previous literature.
In addition, when comparing the current results with the results of
the first two cases with different initial conditions, it is seen that the
width of this water hump is larger. For engineering applications, this
form could be more suitable for the demolition of ships and anti-ship
missiles.

The time evolution of the height of the water hump under
different stand-off distances is shown in Fig. 12. The height H of
the water hump as defined in this paper is the height of the water
point with the most significant vertical height from the free sur-
face. It can be seen from the figure that the change in the height of
the water hump varies significantly when γ varies between 0.11 and
2.22. Smaller stand-off distances correspond to larger water hump
heights, and the figure intuitively shows the evolution of the water
hump.

Meanwhile, the height of the water hump is reduced for larger
stand-off distances. In our investigations, we found that γ = 0.11 and
γ = 0.28 resulted in the most significant hump characteristics. When
γ > 1, the water hump heights in initial stage are relatively not more
significant.

C. The influence of gravity on bubble characteristics
For large equivalent underwater explosion problems, the com-

plexity of the dynamics of the explosion is primarily driven by

FIG. 12. The evolution of the height of the water hump under different stand-off
parameters.

the effect of gravity. It is difficult to observe the details of fluid
motion and explosion dynamics in real-scale experiments of under-
water explosions. Meanwhile, small laboratory-scale decompression
bubble experiments have certain practical limitations.18 Therefore,
detailed numerical investigations are advantageous over experi-
ments for studying some realistic underwater explosion scenarios.
Numerical simulations were performed for 200 kg of explosive det-
onated 4 m beneath the free surface, both with and without gravity.
Figure 13 compares the free surface evolution in the two cases. The
effect of gravity on a large equivalent underwater explosion is clearly
shown in Fig. 13.

It can be seen from Fig. 13 that in the initial expansion stage
of the bubble, the buoyancy effect does not significantly affect the
explosion dynamics, and gravity has little effect on the bubble
growth and free surface evolution. When the bubble expands to a
certain volume (see at t = 0.44 s in Fig. 13), gravity starts to play a sig-
nificant role in the shapes of the bubble and hump. Meanwhile, the
bubble shrinks and the corresponding relative volume decreases. On
the other hand, the relative height of the water hump also decreases
to some extent. When the jet penetrates the bubble, the bubble enters
the annular stage. Under buoyancy, the left bubble is closer to the
free surface and the bubble shape is more complicated. In the fur-
ther rebound stage of the bubble, the water skirt phenomenon first
appears at the free surface on the left side. The height of the left
water skirt is higher due to more energy from the pulsating bubble
being transmitted to the surface fluid. In addition, under the effect
of gravity, the induction effect of free surface to bubbles is not obvi-
ous. The right bubble undergoes significant movement away from
the free surface.

The results of our investigation highlight that gravity must be
taken into account when analyzing underwater explosions. Grav-
ity significantly affects the free surface dynamics as well as the
dynamics of the bubble’s later collapse and rebound. In sum-
mary, a detailed analysis of the fundamental mechanisms behind
underwater explosion problems has been carried out in this
paper.

D. The influence of the free surface on the bubble
pulsation period

The period of underwater bubble pulsation is a critical physical
parameter. When the pulsation period of the bubble is consis-
tent with the natural period of a nearby marine structure, such
as a ship, the bubble and structure will resonate, and the struc-
ture may be severely damaged by the bubble’s collapse dynamics.
Through theoretical research and experimental research, an empiri-
cal formula was proposed by Cole37 that can predict the pulsation
period and the maximum diameter of the underwater explosion
bubble

Tp = 2.11
W

1
3

(d + 10.33) 5
6

, (10)

Rm = 3.36
W

1
3

(d + 10.33) 1
3

, (11)

where Tp is the period of pulsation. The pulsation period changes
significantly for a shallow-depth explosion bubble compared to the
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FIG. 13. A comparison of the free surface evolution with and without gravity for 200 kg of explosive detonated 4 m beneath the free surface.

underwater explosion case for γ < 2, and can no longer be predicted
by the empirical formula (see Fig. 14). Therefore, the influence of the
free surface on the bubble pulsation is analyzed in this paper through
numerical simulations.

From Fig. 14, it can be concluded that when γ > 2, the influence
of the free surface on the empirical period of the bubble is not sig-
nificant. The estimated error of the empirical formula, in this case,
is less than five percent. The closer the detonation is to the free sur-
face, the larger the errors between the pulsation period predicted by
the numerical simulation and Cole’s empirical equation become. At
this time, the dynamics of the bubble in the first oscillation period
are similar to that of the bubble in the free field, and the bubble
pulsation period can be forecast by using Cole’s empirical formula.
When 1 < γ < 2, the bubble begins to be significantly affected by

FIG. 14. A comparison of the pulsation period between the numerical simulations
and the empirical formula proposed by Cole. A relative error diagram is shown in
the sub-figure.

the Bjerknes forces of the free surface. Under the influence of free
surface effects, the bubble period is shortened, and the evolution
process of the bubble is accelerated. When γ < 1, Cole’s empirical
formula cannot predict the bubble motion state, resulting in errors
of more than 30%. The change in the period exhibits a nonlinear
trend. Meanwhile, the breaking and reclosing occur at the free sur-
face in the bubble expansion stage. Therefore, the closer the initial
position of the bubble is to the free surface, the smaller the maximum
volume reached by the bubble is due to the dissipation of energy in
the air, which affects the bubble. As the buoyancy effect is reduced,
the Bjerknes force plays a more obvious role. Under the combined
action of buoyancy and the Bjerknes force, the bubble gradually
evolves. When the sum of the buoyancy and the Bjerknes force is
greater, the bubble has a shorter oscillation period. Because of the
strong nonlinearity of this process, the traditional linear equation
cannot describe the physical features and is unable to predict reliable
pulsating periods. In addition, when γ < 1, the shallow-depth explo-
sion period formula is modified by combining it with the calculated
data, given as

TP = 2.11
W

1
3

(d + 10.33) 5
6
(1 − β(γ)), (12)

β(γ) = aγ3 + bγ2 + cγ + d, (13)

where β(γ) is the correction function, which is considered to be a
cubic function in this work. Using a curve fitting function, the coef-
ficients can be obtained as a = 0.86, b = −1.4, c = 0.67, d = −0.65
Overall, our numerical results serve to compensate for the errors in
Cole’s formula and to predict the oscillation period for γ > 2. Our
suggested modifications to Cole’s empirical formula make it suit-
able for predicting the oscillation period of an underwater explosion
bubble for a wide range of stand-off parameters covering shallow,
middle, and deep underwater explosions.
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V. CONCLUSION
A shallow-depth explosion transient numerical model based

on the compressible Eulerian finite element method has been pro-
posed in this paper. The pressure of the internal gaseous product
of the explosive is modeled with the Jones–Wilkens–Lee (JWL)
equation. The obtained results agree well with experiments and the-
ory, proving that our proposed numerical model is reliable. The
following conclusions can be drawn from our investigations and
comparisons:

(1) The cavitation phenomenon is obvious in the large
equivalent shallow-depth underwater explosion problem.
The cavitation region during an underwater explosion
evolves with the spread of shock waves in the explosion
region.

(2) For γ < 0.11, the free surface breaks and recloses during the
expansion stage of the bubble. Meanwhile, for γ > 2.22, the
bubble moves as a spherical shape in the expansion stage. The
width of the water hump is more significant and wider for
γ = 0.28. We recommend this case for demolition or attacks
on anti-ship missiles. In addition, the small stand-off para-
meter corresponds to a higher magnitude of the water hump
height.

(3) In the initial expansion stage of the bubble, the buoyancy
effect is not obvious, and gravity has little effect on the
evolution of the bubble and the free surface. When the
bubble expands to a certain volume, the water hump and
bubble evolve in a complicated way due to the effect of
gravity.

(4) For γ > 2, the influence of the free surface on the empiri-
cal period of the bubble is not obvious. The dynamics of the
bubble in the first oscillation period are similar to that of a
bubble in the free field, and the bubble motion period can be
forecast by using Cole’s empirical formula. Meanwhile, for
1 < γ < 2, the bubble begins to be more significantly
affected by the Bjerknes force of the free surface. For γ < 1,
the bubble oscillation period exhibits a nonlinear trend
and the prediction of the oscillation period by Cole’s for-
mula is no longer valid. Therefore, our study proposes
a correction strategy to Cole’s empirical formula so that
it can be used to predict the oscillation period of an
underwater explosion bubble for a wide range of stand-off
parameters.

Overall, our investigation has given a very broad insight into
shallow-depth explosions and the effects of various parameters. It
has also suggested a correction to Cole’s empirical formula. For
future work, it would be beneficial to carry out more work on experi-
ments and 3D effects in numerical methods for both laboratory-scale
and full-scale measurements.
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