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Abstract

This paper investigates the formation tracking problem for a group of autonomous under-
water vehicles (AUVs) operating under quantized communication and actuation. A novel
adaptive learning framework is proposed, capable of extracting cooperative control policies
directly from quantized relative measurements and quantized input signals. Unlike con-
ventional approaches that rely on continuous signal assumptions, the developed method
enables each AUV to learn and adapt its behavior in real time from coarsely quantized
data, thereby enhancing robustness in digital and bandwidth-limited environments. Within
a backstepping control structure, an improved quantized consensus mechanism and a
hysteresis quantizer compensation strategy are integrated to mitigate quantization effects.
Using Lyapunov stability theory, it is proven that all closed-loop signals remain bounded
and the formation tracking errors converge to an adjustable neighborhood of zero. Simu-
lation results demonstrate that the proposed learning-based controller achieves accurate
formation tracking and exhibits strong adaptability under dual quantization constraints.

Keywords: AUVs; coordination control; adaptive tracking; quantized measurement;
quantized input

1. Introduction
The ability of autonomous underwater vehicles (AUVs) to operate independently in

submerged environments presents prospective benefits for carrying out tasks related to
monitoring marine pollution, hydrological features, and marine ecosystems [1–5]. Col-
laborative tracking control of AUVs is a complex technology involving multiple AUVs
working together to perform tasks together. Multi-AUVs can improve mission efficiency
while coping with more complex underwater environments, providing new possibilities
for marine research, resource exploration, etc. [6,7]. Therefore, the collaborative tracking
control of AUVs has captured the attention of researchers, but it also faces many difficulties
in control design. Solving these challenges will not only promote the further development
of multi-AUV technology but also broaden underwater scientific research and industrial
application possibilities.

1.1. Related Works

The development of coordinated controllers for AUVs is critical for achieving fast,
accurate, and stable system performance. Several advanced algorithms and strategies
have been proposed to enhance the control capabilities of AUVs. For instance, ref. [8]

Electronics 2026, 15, 2050 https://doi.org/10.3390/electronics15102050

https://crossmark.crossref.org/dialog?doi=10.3390/electronics15102050&domain=pdf&date_stamp=2026-05-18
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/electronics
https://www.mdpi.com
https://orcid.org/0000-0002-5527-6042
https://doi.org/10.3390/electronics15102050


Electronics 2026, 15, 2050 2 of 20

introduced a distributed bionic sliding mode controller for multi-AUV systems, which
effectively mitigated the jitter issues inherent in traditional sliding mode control (SMC).
However, this approach remains vulnerable to noise interference. Leveraging the redis-
tribution mechanism of leader–follower formation, ref. [9] proposed a novel formation
strategy for nonlinear uncertain systems. While this method demonstrated excellent for-
mation convergence, it also introduced higher computational complexity. To address this,
ref. [10] developed a distributed nonlinear model predictive control (NMPC) algorithm that
reduces computational demands by exploiting the dynamic characteristics of AUV motion.
Additionally, ref. [11] presented a coordinated tracking strategy tailored for multiple AUVs
operating in complex ocean environments. Despite these advancements, the majority of
these methods focus on simplified two-dimensional scenarios and rely on reduced-order
dynamic models for controller design.

Several advanced control frameworks have been developed for uncertain nonlinear
systems, among which state-filtered disturbance rejection methods and neuroadaptive
reinforcement learning approaches are particularly representative. Disturbance rejection
techniques, such as extended state observers (ESOs), uncertainty and disturbance estimators
(UDEs), and active disturbance rejection control (ADRC), estimate lumped uncertainties
and compensate them online, thereby achieving strong robustness against modeling errors
and external disturbances. However, these methods usually rely on continuous and suf-
ficiently accurate state measurements. When only quantized relative measurements and
quantized actuator inputs are available, observer performance may deteriorate significantly,
and quantization effects are often treated merely as external disturbances, resulting in
conservative designs. On the other hand, multilayer neural network and actor–critic rein-
forcement learning methods have demonstrated strong approximation and optimization
capabilities for nonlinear control problems. Nevertheless, most of these approaches require
high-quality state information, informative reward signals, and repeated online exploration,
while their computational complexity may be prohibitive for embedded AUV platforms
with limited onboard resources. In addition, the interplay between distributed cooperation
and dual quantization constraints is rarely addressed explicitly. Motivated by these lim-
itations, this paper develops a lightweight adaptive learning framework for multi-AUV
formation tracking under quantized communication and quantized actuation. Different
from existing observer-based or neural approximation methods, the proposed controller
directly synthesizes cooperative policies from quantized relative measurements through
a distributed consensus mechanism integrated with backstepping design. Meanwhile,
a hysteresis-quantizer compensation strategy is constructed according to explicit quanti-
zation error bounds, and the closed-loop stability is rigorously established via Lyapunov
analysis. Therefore, the proposed method is particularly suitable for bandwidth-limited
and digitally implemented underwater cooperative systems.

In recent years, considerable attention has been devoted to the stability analysis and
control design of systems subject to quantized signals. Quantization is unavoidable in
practical digital control systems and bandwidth-limited communication environments.
In [12,13], direct adaptive control frameworks were proposed for linear and nonlinear un-
certain systems with input quantizers, and Lyapunov-based stability analysis was provided.
The work in [14] investigated event-triggered control of nonlinear systems under state
quantization, where communication usage was reduced by the event-triggered mechanism.
In [15], a neural-network-based adaptive control method was developed for nonlinear sys-
tems with quantized inputs and output constraints. Furthermore, ref. [16] studied adaptive
output-feedback control for nonlinear systems with input/output quantization and mis-
matched uncertainties. Although these studies provide important theoretical foundations
for quantized control, most of them focus on single-agent nonlinear systems or general
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uncertain systems. The distributed formation tracking problem of multiple AUVs under
simultaneous quantized relative measurements and quantized actuator inputs remains
insufficiently addressed.

1.2. Contributions

Inspired by above discussions, this paper considers the cooperative tracking con-
trol problem of a group for AUVs with quantized measurements and input signals. The
backstepping method is used to design the quantized cooperative controller and Lya-
punov function is used to analyze the performance and stability of the closed-loop system.
The main contributions of this paper are summarized as follows.

1. An adaptive learning framework is proposed for AUV formation control, which en-
ables each vehicle to synthesize cooperative control policies directly from quantized
relative measurements and quantized actuator inputs, eliminating the reliance on con-
tinuous signal assumptions and better aligning with digital implementation realities.

2. An improved quantized consensus algorithm is developed within the learning-based
structure, which facilitates distributed coordination under coarse measurement quanti-
zation, enhancing the scalability and robustness of multi-AUV systems in bandwidth-
limited environments.

3. A compensation strategy with a hysteresis quantizer is integrated into the learning-
based controller to mitigate the effects of input quantization. By appropriate parameter
selection, the quantization-induced errors are confined to an arbitrarily small region,
ensuring stable formation tracking performance.

The paper is structured as follows: In Section 2, the AUV’s kinematic and dynamic
models, as well as the control objectives and some preliminaries, are presented. In Section 3,
an adaptive controller is designed using the back-stepping method, and the stability and
performance of the closed-loop system are examined by presetting the relevant Lyapunov
functions. The simulation results are given in Section 4 to demonstrate the effectiveness of
the proposed control algorithm. In Section 5, the entire work is summed up, which also
suggests potential future research areas.

2. Problem Formulation
In this section, the kinematic and dynamic models of the AUV are presented. Further-

more, the control objectives of this paper are proposed. Then, the relevant background
knowledge of graph theory and the mathematical formulas of the two quantizers used in
this paper are given.

2.1. Kinematics and Dynamics Model of AUV

The considered AUV system is shown in Figure 1. The position of AUV i are expressed
in an earth-fixed frame, which is described as η1i = [xi, yi, zi]

⊤ ∈ R3. The orientation is
denoted by η2i = [ϕi, θi, ψi]

⊤ ∈ R3 in the earth-fixed frame, which can be represented
by a rotation matrix RB

Ii. The rotation matrix RB
Ii represents the transformation from the

earth-fixed frame to the vehicle-fixed frame. The superscript indicates the reference frame
to which the vector points. We define ηi = [η⊤1i, η⊤2i]

⊤, the time derivatives that correspond
to it are expressed as η̇i = [η̇⊤1i, η̇⊤2i]

⊤. The linear and angular velocities of AUV i are
defined in the vehicle-fixed frame, and their expressions are ν1i = [ui, vi, wi]

⊤ ∈ R3 and
ν2i = [pi, qi, ri]

⊤ ∈ R3; then, we define νi = [ν⊤
1i , ν⊤

2i ]
⊤.
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Figure 1. Schematic diagram of an AUV.

The relationship between velocity νi and the derivative of position and attitude η̇i can
be expressed as

νi =

[
RB

Ii O3×3

O3×3 T(η2i)

][
η̇1i

η̇2i

]
, (1)

where

T(η2i) =

 1 0 −sθi

0 cϕi cθisϕi

0 −sϕi cθicϕi

. (2)

where sa and ca are the abbreviation of sin(a) and cos(a), respectively.
From [17], the dynamics model of the ith AUV with control input quantization can be

expressed as
Miν̇i + Ci(νi)νi + Di(νi)νi + gi = q(τi) , (3)

where Mi is the inertia matrix of AUV i, Ci(ν) and Di(ν) are the vectors of Coriolis and
centripetal terms and friction and hydrodynamic damping terms, gi is the vectors of
gravitational and buoyant generalized forces, and τi is the forces and moments of the
vehicle. q(τi) represents the hysteretic quantizer and takes the quantized values. More
details for the kinematics model of AUV can be seen in [17].

Note that the following properties are well known for Equation (3), the details can be
seen in [18].

P1: The inertia matrix Mi is positive definite and symmetric.
P2: The matrix Mi − 2Ci(νi) is skew symmetric, i.e., xT(Mi − 2Ci(νi))x = 0 for any

nonzero vector x ∈ R6.
P3: The damping matrix Di(νi) is positive definite.

2.2. Control Objective

The objective of this paper is to control a group of AUVs to converge and remain in a
preset polygon so that the circumcenter of the polygon can move along the desired trajectory.
Every AUV is capable of achieving the required attitude in accordance with mission require-
ments when it comes to attitude control. We let the desired trajectory be η1d = [xd, yd, zd]

T,
and the desired attitudes of this group of AUVs are η2id = [ϕdi, θdi, ψdi]

T, i = 1, . . . , n, which
is supposed to be an arbitrarily smooth curve. Given a desired geometric pattern formed
by n vertices, the offsets of each vertex relative to the circumcenter of the desired geometric
pattern are defined as di = [dxi, dyi, dzi]

T.

https://doi.org/10.3390/electronics15102050

https://doi.org/10.3390/electronics15102050


Electronics 2026, 15, 2050 5 of 20

The control problem boils down to designing a collaborative controller based on each
AUV local state, relative measurements, and the position of the circumcenter such that the
following results can be achieved:

lim
t→∞

∥∥∥∥∥∥∥
 xi − xj

yi − yj

zi − zj

−

 dxi − dxj

dyi − dyj

dzi − dzj


∥∥∥∥∥∥∥ < δ, (4)

and

lim
t→∞

∥∥∥∥∥∥∥
 1

n ∑n
i=1 xi

1
n ∑n

i=1 yi
1
n ∑n

i=1 zi

−

 xed

yed

zed


∥∥∥∥∥∥∥ < δ. (5)

where δ > 0 is a small scalar, which gives it later. Equation (4) proves the rationality of
cooperative control, which means that a group of AUVs can converge and maintain the
preset geometry. Equation (5) verifies that the circumcenter of the preset polygon can
converge to the desired trajectory.

Remark 1. Here, di is a constant, so the preset graph is unchanged. In order to overcome this
limitation and improve the flexibility of cooperative control, we can consider di as time-varying
offsets to update the preset graph composed of the group of AUVs.

Furthermore, each AUV completes desire attitude tracking, which is defined as

lim
t→∞

∥η2i − η2id∥ < δ. (6)

2.3. Graph Theory

Graph theory is often used to describe the specific relationships between certain
entities and is an excellent tool for describing communication relationships between AUVs.
We let G = (V , E, Ā) denote the communication topology between the n AUVs. Here,
V is a set of nodes, E ⊆ V × V represents the set of edges, Ā =

[
aij
]
∈ Rn×n, aij ≥ 0

represents a adjoint matrix of the topological graph G. The Laplacian matrix of a weighted
graph G is L = D − Ā, where D = diag{d1, · · · , dn}, di = ∑n

j=1 aij. For undirected
graphs, the transmission of information is bidirectional, that is, aij = aji. We suppose that
the underlying communication topology is connected. Thus, the Laplacian matrix of a
weighted graph G can be decomposed into L = D⊤D with D ∈ Rn×n−1 is a full rank
incidence matrix.

Remark 2. In this paper, the communication topology is assumed to be connected and time-
invariant for analytical clarity. This assumption is commonly adopted as a first-step framework in
distributed cooperative control and allows the main focus to be placed on the simultaneous effects of
quantized relative measurements and quantized actuator inputs. It is worth noting that the proposed
control strategy only relies on local neighbor information exchange and can be naturally extended to
time-varying or switching communication graphs by replacing the constant Laplacian matrix L with
a time-dependent Laplacian L(t). If the switching topology satisfies a joint-connectivity condition,
i.e., the union of the communication graphs over each bounded time interval contains a spanning
tree or remains connected, then the cooperative tracking mechanism can still preserve consensus
and formation convergence properties. For intermittent communication caused by packet dropouts
or temporary acoustic channel blockage, temporary disconnections mainly affect the transient
convergence rate and may enlarge the short-term tracking error. Nevertheless, the local stabilizing
feedback terms and quantization–compensation mechanism still help maintain bounded closed-loop
signals. A rigorous extension of the present results to switching and intermittent topologies requires
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hybrid-system analysis tools, such as common Lyapunov functions or multiple Lyapunov function
techniques, and will be investigated in our future work.

2.4. Quantizer

In this paper, the quantized relative measurement and input signals are considered in
control design of the AUVs. In this context, the logarithm quantizer is considered, which is
introduced as

Q(u) =

{
uj sign(u),

uj
1+σ ≤ |u| ≤ uj

1−σ

0, |u| < u0
1+σ

(7)

where uj = ρ
(1−i)
1 u0, i = 1, 2, . . . , ρ1 ∈ (0, 1), ρ1 = 1−σ

1+σ , 0 < σ < 1. u0 is the quantization
dead zone and ρ1 is the quantized density. The logarithmic quantizer satisfies

|Q(u)− u| ≤ σ

2
. (8)

For the control signal, a hysteretic quantizer [19] is considered, which is represented as

q(u(t)) =



ui sgn(u), ui
1+δ < |u| ≤ ui, u̇ < 0, or

ui < |u| ≤ ui
1−δ , u̇ > 0

ui(1 + δ) sgn(u), ui < |u| ≤ ui
1−δ , u̇ < 0, or

ui
1−δ < |u| ≤ ui(1+δ)

(1−δ)
, u̇ > 0

0, 0 ≤ |u| < umin
1+δ , u̇ < 0 or

umin
1+δ ≤ u ≤ umin, u̇ > 0,

q(u(t−)) u̇ = 0

(9)

where ui = ρ
(1−i)
2 umin, i = 1, 2, . . . , ρ2 ∈ (0, 1), ρ2 = 1−δ

1+δ , 0 < δ < 1. umin is the quantization
dead zone and ρ2 is the quantized density. Then, the following lemma is presented:

Lemma 1. We define q(u) = u + µ with µ bing the hysteresis quantizer error, then the quantizer
error satisfies the following inequalities:

µ2(t) ≤ δ2u2, ∀|u| ≥ umin. (10)

µ2(t) ≤ u2
min, ∀|u| ≤ umin. (11)

Proof. As shown in Figure 2, for the case that u ≥ umin, it yields

(1 − δ)u ≤ q(u) ≤ (1 + δ)u,

which leads to

|q(u)− u| ≤ δu.

Similarly for u ≤ −umin, we can also get |q(u) − u| ≤ δu. Thus, Equation (10) is
proved. For u ≤ umin, q(u) = 0 is defined in Equation (9), which implies the results in
Equation (11). This completes the proof.
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Figure 2. Schematic diagram of hysteresis quantization signal.

3. Coordination Control Design
In this section, the coordination control design is presented. Utilizing the typical

cascaded structure of AUV, we use a back-stepping method to design the controller, which
allows us to achieve control design for kinematics and dynamics separately.

3.1. Kinematic Control Design

Firstly, we consider the kinematic equation of the ith AUV, ν1i and ν2i are used as
direct controls to achieve the desired position and attitude of AUV i. We define the position
and attitude errors, respectively, as

e1i = η1i − η1d − di, (12)

e2i = η2i − η2id, (13)

where di is a constant that is defined based on the desired formation pattern. Then,
we define

eν1i = ν1i − αν1i, (14)

eν2i = ν2i − αν2i, (15)

where αν1i and αν2i are virtual controls which are designed later. According to Equation (1),
we have

η̇1i = RI
B(η2i)αν1i + ∆i, (16)

where ∆i = RI
B(η2i)eν1i. It can be seen that the actual position of the AUV i can be

controlled by designing an appropriate virtual control input signal αν1i. To this end, we
define ϖi = RI

B(η2i)αν1i and design it as

ϖi = −ke1e1i − ∑
j∈Ni

(
e1i − e1j

)
+ η̇1d, (17)

where ke1 is a positive constant, η̇1d is the derivative of the desired trajectory η1d. So virtual
control αν1i can be obtained

αν1i = RB
I (−ke1e1i − ∑

j∈Ni

(
e1i − e1j

)
+ η̇1d), (18)
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Note that the desired reference trajectory information η1d and η̇1d is used in the virtual
control design (18), which is contrary to distributed control design. Thus, the following
distributed observer is proposed to estimate the reference position η1d,

˙̂η1di =− ∑
j∈Ni

kij(t)aij(t)sign(η̂1di − η̂1dj)

− ki(t)bi(t)sign(η̂1di − η1d), (19)

k̇ij =ν
∥∥∥η̂1di − η̂1dj

∥∥∥
1
, k̇i = ν∥η̂1di − η1d∥1, (20)

where Ni := {j ∈ V : (i, j) ∈ E}, η̂1di is the estimate of η1d by agent i, bi(t) is the pinning
gain for i = 1, . . . , N that can access to the reference state. ∥z∥1 is the 1-norm of vector
z ∈ Rn, kij(t) and ki(t) are adaptive weights, and ν ∈ R+ is a positive control gain.
Similarly, the reference velocity η̇1d can be estimated by

¨̂η1di =− ∑
j∈Ni

kij(t)aij(t)sign( ˙̂η1di − ˙̂η1dj)

− ki(t)bi(t)sign( ˙̂η1di − η̇1d), (21)

k̇ij =ν
∥∥∥ ˙̂η1di − ˙̂η1dj

∥∥∥
1
, k̇i = ν

∥∥ ˙̂η1di − η̇1d
∥∥

1, (22)

where the parameters are defined as same to the above. Then, the following lemma
is presented:

Lemma 2. Under the proposed fully distributed observers (19) and (21) with the adaptive laws (20)
and (20) for AUV i, the reference position η1d and velocity η̇1d can be estimated asymptotically.

Proof. We define the estimation errors η̃1di = η̂1di − η1d and η̃1d = [η̃⊤1d1, . . . , η̃⊤1dn]
⊤. The er-

ror dynamics can be written as . . . . We choose the Lyapunov function candidate

Vo =
1
2

η̃⊤1d(L+ B)η̃1d +
1

2ν

n

∑
i=1

∑
j∈Ni

(kij − k∗e )
2 +

1
2ν

l

∑
i=1

(ki − k∗p)
2,

where k∗e and k∗p are an upper bound on the ideal gains. Taking the time derivative and
using the property of the sign function as well as the adaptive laws, we obtain V̇o ≤
−λmin(L + B)∥η̃1d∥1 ≤ 0. By Barbalat’s Lemma, η̃1d → 0, which completes the proof.
The velocity observer follows analogously. More detailed proof can also be seen in [20] and
is omitted here.

According to the separation principle, subsequent analysis uses η1d and η̇1d instead of
η̂1di and ˙̂η1di directly.

Then, with the quantified relative information exchange model, the logarithmic quan-
tizer introduced in Equation (7) is considered. Thus, Equation (17) can be rewritten as

ϖi = −ke1e1i − ∑
j∈Ni

Q
(
e1i − e1j

)
+ η̇1d. (23)

Due to the underlying communication topology among the AUVs, Equation (23) can
be written as

ϖ = −Ke1e1 −
(

D ⊗ Ip
)
Q(ecc) + η̇1d, (24)
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where L = D⊤D, ecc =
(

D⊤ ⊗ Ip
)
e1. e1 is concatenation of vectors

[
e⊤11, . . . , e⊤1n

]⊤
. Ke1 is a

diagonal matrix with the values of the elements being ke1. Ip is a suitable identity matrix.
Then, we have

ė1 = −Ke1e1 − (D ⊗ Ip)Q(ecc) +
(
∆i ⊗ Ip

)
. (25)

For the error dynamics (25), we consider the following Lyapunov function candidate:

V1 =
1
2

eT
ccecc. (26)

Taking the derivative of Equation (26) along Equation (25) and multiplying (D⊤ ⊗ Ip)

on both sides of it, we can get

V̇1 =eT
cc

[
−
(

DT D ⊗ Ip
)

ecc −
(

DT D ⊗ Ip
)

ϱ(ecc)
]

− eT
ccKe1ecc +

n

∑
i=1

∑
i ̸=j,j∈Ni

Q
(
e1i − e1j

)T
∆i

≤− (ke1 + λmin(L))∥ecc∥2 + σλmax(L)∥ecc∥2

+
n

∑
i=1

∑
i ̸=j,j∈Ni

Q
(
e1i − e1j

)T
∆i,

(27)

where ϱ(ecc) = Q(ecc)− ecc. Choosing the appropriate logarithmic quantizer parameters
in Equation (7) as follows

σ <
ke1 + λmin(L)

λmax(L)
, (28)

and defining
l = −(ke1 + λmin(L)) + σλmax(L) < 0, (29)

Equation (27) can be rewritten as

V̇1 ≤ 2lV1 +
n

∑
i=1

∑
i ̸=j,j∈Ni

Q
(
e1i − e1j

)T
∆i. (30)

In addition, the virtual control αv2i is designed as

αv2i = −ke2iT(η2i)e2i + T(η2i)η̇2id, (31)

where ke2i is positive control gain and η̇2id is the derivative of desired attitude of AUV i.
Note that the desired attitude η2id and its derivative η̇2id is specified for each AUV. If not,
they can also be obtained by using the similar distributed adaptive observer as shown
in (19) and (20).

Then, the following Lyapunov function is chosen for the error dynamics of e2i,

V2 =
1
2

n

∑
i=1

eT
2ie2i, (32)

and its derivative is given as

V̇2 ≤
n

∑
i=1

eT
2i

(
T−1(η2i)αv2i + T−1(η2i)eν2i − η̇2id

)
. (33)
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Then, combining (31) into (33) yields

V̇2 ≤
n

∑
i=1

eT
2i

(
T−1(η2i)αv2i + T−1(η2i)eν2i − η̇2id

)
≤ −ke2i

n

∑
i=1

eT
2ie2i +

n

∑
i=1

eT
2iT

−1(η2i)eν2i

= −2ke2iV2 +
n

∑
i=1

eT
2iT

−1(η2i)eν2i. (34)

In this stage, the kinematic design of the AUV is completed, and we obtain suitable
virtual controls eν1i and eν2i. In the following control design, a suitable controller is
designed for the dynamics model of AUVs to compensate the second terms in (30) and (34).

3.2. Dynamics Control Design

According to the property of the quantizer as shown in Lemma 1, Equation (3) can be
rewritten as

Miν̇i + Ci(νi)νi + Di(νi)νi + gi = τi + µi. (35)

We define eνi = [e⊤ν1i, e⊤ν2i]
⊤ and ανi = [α⊤

νi, α⊤
νi]

⊤. The errors in Equations (14) and (15)
can be rewritten as eνi = νi − ανi. Then, the control law is designed as

τi = (Miα̇νi + Ci(νi)νi + Di(νi)νi + gi − keνieνi

−
[

∑
i ̸=j,j∈Ni

Q
(
e1i − e1j

)T RI
B eT

2iT
−1(η2i)

]⊤
+ tanh(

eνi
ε
)⊙ τi min )⊘ (δ tanh(

eνi ⊙ τi
ε

) + 1)

(36)

where keνi is a positive control gain, tanh(·) is hyperbolic tangent function, A ⊙ B = [aijbij]

and A ⊘ B = [
aij
bij
] with A = [aij] and B = [bij] being matrices with the same dimension,

1 = [1, 1, 1, 1, 1, 1]T.

Remark 3. The proposed control strategy is fully distributed, and each AUV computes its control
input using only local state information and quantized relative measurements received from neigh-
boring agents. Therefore, the computational complexity of each AUV mainly depends on its local
degree rather than the total number of vehicles in the network. Specifically, the controller consists of
algebraic feedback terms, adaptive parameter updates, and element-wise quantization compensation,
all of which are lightweight and suitable for real-time embedded implementation. When the total num-
ber of AUVs increases while the communication graph remains sparse, the per-agent computational
burden remains nearly unchanged. From the communication perspective, only neighbor-to-neighbor
information exchange is required, and the use of quantized signals further reduces the communica-
tion payload. This property is particularly beneficial for bandwidth-limited underwater acoustic
channels. Nevertheless, in dense communication networks where each AUV interacts with many
neighbors, the communication overhead, synchronization burden, and packet collision probability
may increase. In such cases, the practical bottleneck is mainly communication rather than controller
computation. Therefore, for large-scale formations, sparse but connected topologies, such as nearest-
neighbor graphs, leader–follower structures, ring networks, or spanning-tree-based architectures,
are generally more suitable. These topologies preserve cooperative performance while significantly
reducing network load.
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Theorem 1. Given a connected AUV networks modeled by Equations (1)–(3), under the proposed
control law (36) with the quantizer parameter σ satisfying (28), the control objectives in (4)–(6) can
be achieved with δ =

√
κ
βi

, βi = min{l, 2ke2i, 2ϵi}, κ = 0.2785ε ∑n
i=1(τi min) + 1.671δεn.

Proof. We consider the following Lyapunov function:

V3 = V1 + V2 +
1
2

n

∑
i=1

eT
νi Mieνi (37)

Taking the time derivative of V3 along the closed-loop error dynamics gives

V̇3 = V̇1 + V̇2 +
n

∑
i=1

e⊤νi Mi ėνi +
1
2

n

∑
i=1

e⊤νi Ṁieνi

≤2lV1 − ke2i

n

∑
i=1

e⊤2ie2i +
n

∑
i=1

e⊤2i T
−1(η2i)eν2i

+
n

∑
i=1

∑
j∈Ni
j ̸=i

Q(e1i − e1j)
⊤RI

B(η2i)eν1i

+
n

∑
i=1

e⊤νi Mi(ν̇i − α̇νi) +
1
2

n

∑
i=1

e⊤νi Ṁieνi. (38)

By using the AUV dynamics

Miν̇i = q(τi)− Ci(νi)νi − Di(νi)νi − gi,

and the skew-symmetric property Ṁi − 2Ci(νi), one has

V̇3 ≤ 2lV1 − ke2i

n

∑
i=1

e⊤2ie2i

+
n

∑
i=1

e⊤νi[q(τi)− Ci(νi)νi − Di(νi)νi − gi − Miα̇νi]

+
n

∑
i=1

e⊤νiΞi, (39)

where

Ξi =

 ∑
j∈Ni
j ̸=i

RB
I (η2i)Q(e1i − e1j)

T−⊤(η2i)e2i

. (40)

Since the hysteresis quantizer satisfies

q(τi) = τi + µi, (41)

it follows that
e⊤νiq(τi) = e⊤νiτi + e⊤νiµi. (42)

For the kth component, Lemma 1 gives

|µi,k| ≤ δ|τi,k|, |τi,k| ≥ τi min,

and
|µi,k| ≤ τi min, |τi,k| ≤ τi min.
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Therefore, the quantization error term can be upper bounded as

e⊤νiµi =
6

∑
k=1

eνi,kµi,k

≤
6

∑
k=1

|eνi,k| |µi,k|

≤
6

∑
k=1

|eνi,k|τi min + δ
6

∑
k=1

|eνi,k| |τi,k|. (43)

Thus,

e⊤νiq(τi) ≤e⊤νiτi +
6

∑
k=1

|eνi,k|τi min + δ
6

∑
k=1

|eνi,k| |τi,k|. (44)

To handle the nonsmooth absolute-value terms, the following smooth approximation
inequality is used:

0 ≤ |ρ| − ρ tanh
(ρ

ε

)
≤ 0.2785ε, ε > 0. (45)

By applying (45) to ρ = eνi,k and ρ = eνi,kτi,k, one obtains

|eνi,k|τi min ≤ eνi,k tanh
( eνi,k

ε

)
τi min + 0.2785ετi min, (46)

|eνi,k| |τi,k| = |eνi,kτi,k| ≤ eνi,kτi,k tanh
( eνi,kτi,k

ε

)
+ 0.2785ε. (47)

Substituting (46) and (47) into (44) yields

e⊤νiq(τi) ≤ e⊤νiτi + e⊤νi

[
tanh

( eνi
ε

)
⊙ τi min1

]
+ δe⊤νi

[
tanh

(
eνi ⊙ τi

ε

)
⊙ τi

]
+ 0.2785ε

6

∑
k=1

τi min + 6 × 0.2785δε. (48)

The above inequality shows that the quantization-induced terms can be compensated
by introducing the corresponding hyperbolic-tangent terms. Therefore, the actual control
input is designed as

τi = Miα̇νi + Ci(νi)νi + Di(νi)νi + gi − Ξi − keνieνi

− tanh
( eνi

ε

)
⊙ τi min1 − δ tanh

(
eνi ⊙ τi

ε

)
⊙ τi, (49)

where keνi > 0 and 1 = [1, 1, 1, 1, 1, 1]⊤. Substituting (49) into (39) and using (48),
one obtains

V̇3 ≤ 2lV1 − ke2i

n

∑
i=1

e⊤2ie2i − keνi

n

∑
i=1

e⊤νieνi + κ, (50)

where

κ = 0.2785ε
n

∑
i=1

6

∑
k=1

τi min + 1.671δεn. (51)

Since l < 0, it follows that
2lV1 = −2|l|V1. (52)
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Hence, (50) can be rewritten as

V̇3 ≤ −2|l|V1 − ke2i

n

∑
i=1

e⊤2ie2i − keνi

n

∑
i=1

e⊤νieνi + κ. (53)

Furthermore, since Mi is positive definite, there exist positive constants mi and mi

such that
mi∥eνi∥2 ≤ e⊤νi Mieνi ≤ mi∥eνi∥2.

Therefore, there exists a positive constant β such that

V̇3 ≤ −βV3 + κ, (54)

where

β = min
{

2|l|, 2ke2i,
2keνi
mi

}
, (55)

where m̄ = maxi λmax(Mi) and

l = −(ke1 + λmin(L)) + σλmax(L) < 0. (56)

Solving (54) gives

V3(t) ≤ e−βtV3(0) +
κ

β

(
1 − e−βt

)
. (57)

Thus, all closed-loop signals are uniformly ultimately bounded, and

lim sup
t→∞

V3(t) ≤
κ

β
. (58)

Consequently, the formation tracking errors converge to an adjustable neighborhood
of zero. Moreover, the ultimate bound can be reduced by appropriately selecting the
quantization parameters τi min, δ, and the smooth approximation parameter ε.

In addition, the measurement quantization parameter σ affects the ultimate bound
through the decay-rate-related term |l|, while the input quantization parameter δ directly
affects the residual term κ. Since

V3 = V1 + V2 +
1
2

n

∑
i=1

e⊤νi Mieνi, (59)

the tracking errors satisfy

lim sup
t→∞

∥ecc(t)∥ ≤
√

2κ

β
, (60)

lim sup
t→∞

(
n

∑
i=1

∥e2i(t)∥2

)1/2

≤
√

2κ

β
, (61)

lim sup
t→∞

(
n

∑
i=1

∥eνi(t)∥2

)1/2

≤
√

2κ

βm
, (62)

where m = mini λmin(Mi). Equations (60)–(62) explicitly show that the ultimate tracking
accuracy can be improved by decreasing the quantization parameters σ and δ, decreasing
the smoothing parameter ε, or increasing the control gains ke1, ke2, and keν, provided that the
actuator limits and implementation constraints are respected. This completes the proof.
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Remark 4. For the selection of quantizer parameters σ and δ, as long as Equation (28) is satisfied,
the parameter selection is arbitrary. So Equation (28) can quantify the guidance of the device
parameters. Since the input signal τi is bounded and δ is also bounded, the required number of
quantization levels of the hysteretic quantizer is finite.

Remark 5. The above ultimate bounds are theoretical worst-case estimates. They are obtained by
using norm inequalities, the sector bounds of the quantizer, and the smooth approximation inequality
0 ≤ |ρ| − ρ tanh(ρ/ε) ≤ 0.2785ε. Therefore, the bounds are generally conservative. In practical
simulations, the actual steady-state tracking errors are usually smaller than the analytical upper
bounds because the quantization error does not always attain its worst-case value and the signs of
different error components may partially cancel each other.

3.3. The Impact of Observer Convergence Speed

The distributed observers in (19) and (21) are introduced to estimate the desired
reference position and velocity using only local communication. We define the estimation
errors as

η̃1di = η̂1di − η1d, ˜̇η1di = ˙̂η1di − η̇1d. (63)

When the estimated signals are used in the virtual controller, the kinematic control
law becomes

ϖi = −ke1e1i − ∑
j∈Ni

Q(e1i − e1j) + η̇1d + ∆oi, (64)

where the observer-induced perturbation term is ∆oi = ˜̇η1di − ke1η̃1di. Accordingly, the Lya-
punov derivative contains an additional term e⊤cc∆o with ∆o being the stacked observer
error vector. Using Young’s inequality, for any µ > 0,

e⊤cc∆o ≤
µ

2
∥ecc∥2 +

1
2µ

∥∆o∥2. (65)

Hence, the closed-loop derivative can be written as

V̇3 ≤ −βoV3 + κo +
1

2µ
∥∆o∥2, (66)

where βo = β − µ, 0 < µ < β. Therefore, if the observer errors are bounded, then all
closed-loop signals remain bounded. If

lim
t→∞

∆o(t) = 0, (67)

then the observer perturbation asymptotically vanishes and the original tracking result of
Theorem 1 is recovered. Moreover, if the observer satisfies exponential convergence

∥∆o(t)∥ ≤ coe−λot, (68)

where co > 0 and λo > 0, then larger λo implies faster estimation convergence, smaller
transient tracking errors, and shorter formation synchronization time.

Remark 6. Observer errors do not destabilize the closed-loop system provided that the communica-
tion graph satisfies the observer connectivity condition and the observer gains are selected such that
the estimation dynamics are stable. However, excessively slow observer convergence or prolonged
communication loss may enlarge transient tracking errors and degrade convergence speed. Therefore,
in practical implementation, the observer bandwidth should be chosen sufficiently larger than the
dominant closed-loop tracking bandwidth.
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3.4. Robustness Against Disturbances and Measurement Noise

In practical AUV systems, unmodeled hydrodynamics, ocean currents, and measure-
ment noise are unavoidable. To discuss the robustness of the proposed controller, the AUV
dynamics can be rewritten as

Miν̇i + Ci(νi)νi + Di(νi)νi + gi = q(τi) + di(t), (69)

where di(t) ∈ R6 denotes the lumped disturbance including unmodeled dynamics, ocean-
current-induced forces, and bounded measurement noise effects. It is assumed that

∥di(t)∥ ≤ d̄i, (70)

where d̄i > 0 is an unknown but bounded constant. Following the same Lyapunov analysis
as in Theorem 1, the derivative of V3 contains an additional term

n

∑
i=1

e⊤νidi(t). (71)

By Young’s inequality, for any χi > 0, one has

e⊤νidi(t) ≤
χi
2
∥eνi∥2 +

1
2χi

d̄2
i . (72)

Therefore, the Lyapunov derivative satisfies

V̇3 ≤ −βdV3 + κd, (73)

where

βd = min
{

2|l|, 2ke2,
2(keν − χ/2)

m̄

}
, (74)

κd = κ +
n

∑
i=1

d̄2
i

2χi
, (75)

with χ = maxi χi, m̄ = maxi λmax(Mi), and keν > χ/2. Hence, all closed-loop signals
remain uniformly ultimately bounded and

lim sup
t→∞

V3(t) ≤
κd
βd

. (76)

It can be observed from (76) that bounded disturbances and measurement noise en-
large the ultimate bound but do not destroy closed-loop boundedness. The disturbance
attenuation capability can be improved by increasing the velocity feedback gain keν, pro-
vided that actuator constraints are satisfied.

Remark 7. The above analysis shows that the proposed controller is robust against bounded un-
modeled dynamics, ocean-current disturbances, and measurement noise in the sense of uniform
ultimate boundedness. The ultimate tracking accuracy depends on both the quantization-induced
residual term κ and the disturbance-dependent term ∑n

i=1 d̄2
i /(2χi). Therefore, smaller quantiza-

tion levels, lower measurement noise, and larger stabilizing gains lead to improved steady-state
tracking performance.

4. Simulations
In this section, simulation results are presented to verify the effectiveness of the

adaptive controller proposed in this paper. Three AUVs are considered in the network,
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which is given in Figure 3. The Laplacian matrix L and incidence matrix D of the underlying
communication topology of this group of AUVs are given as follows:

L = DT D =

 2 −1 −1
−1 1 0
−1 0 1

, DT =

 1 1
−1 0
0 −1



1

32

Figure 3. Interaction topology between the AUVs.

Then, the initial positions of the three AUVs are randomly chosen as η1 =

[10,−12, 10, 0, 0, 0]T , η2 = [26,−13,−20, 0, 0, 0]T , η3 = [−11,−5,−10, 0, 0, 0]T . We define
the desired offsets d relative to the desired track trajectory for the formation pattern of
AUVs as R = [d1, d2, d3] with d1 = [10, 10, 0]T , d2 = [10,−10, 0]T , d3 = [−10, 10,−10]T .
According to Theorem 1, the suitable control parameters and quantizer parameters are
chosen as ke1i = 0.5, ke2i = 1, keνi = 1000, keνi = 1000, τmin i = 0.02, σ = 0.8, δ = 0.2 for
i = 1, . . . , 3.

Then, the simulation results are given in Figures 4–7. Figure 4 plots the spatial paths
of AUV1, AUV2, and AUV3 from their random initial positions to the final formation.
The desired geometric pattern, which is a triangle defined by the offsets d1 = [10, 10, 0]T ,
d2 = [10, 110, 0]T , d3 = [−10, 10,−10]T , is superimposed on the trajectories. One can
clearly observe that after a short transient, the three AUVs converge to the vertices of the
prescribed triangle and maintain this shape while moving and the circumcenter of the
triangle follows the desired trajectory η1d. The three components of the position error
e1i = η1i − η1d − di for i = 1, 2, 3 are shown in Figure 6. All error signals converge rapidly
from initial values on the order of tens of meters to a small neighborhood around zero.
The steady-state errors remain within a band of less than 0.05 m, which is well within the
adjustable neighborhood δ promised by Theorem 1. Additionally, the inter-vehicle relative
position errors η1i − η1j − (di − dj) are directly linked to e1i − e1j, as shown in Figure 5.
Figure 6 therefore demonstrates that the condition in Equation (4) is met. In Figure 7,
the evolution of the attitude error vector e2i = η2i − η2id for each AUV are displayed.
The roll, pitch, and yaw error components all converge to a region near zero within a few
seconds. The final attitude tracking errors are bounded by 0.02rad, which satisfies the
requirement ∥η2i − η2id∥ < δ of Equation (6). Thus, each AUV individually attains its
prescribed orientation while participating in the cooperative formation.

It is worth noting that many conventional backstepping-based AUV controllers and
cooperative tracking methods are developed under continuous-state measurement and
continuous-input assumptions. When directly implemented in the presence of coarse quan-
tization, their theoretical guarantees may no longer hold, since quantization errors enter
both the sensing and actuation channels. Compared with such non-quantization-aware
designs, the proposed method explicitly incorporates quantized relative measurements into
the cooperative control term and introduces a hysteresis-quantizer compensation mech-
anism for the actuator input. As a result, the closed-loop system admits an analytically
characterized ultimate tracking bound whose size can be adjusted through the quantization
parameters and controller gains.
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Figure 4. The position of AUVs in the three-dimensional frame.
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Figure 5. Coordination error η1i − η1j.
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Figure 6. Position error e1i of AUV i.
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Figure 7. Attitude error e2i of AUV i.
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5. Conclusions
This paper studies the cooperative control tracking problem of a group of AUVs based

on quantified relative measurements and quantified inputs. A group of AUVs needs to
converge, stay within the preset graphics, and complete the tracking task. In order to
achieve the control objectives, the backstepping method is used to design the adaptive con-
troller. Quantized relative measurement signals are used to design a quantified consensus
algorithm. Based on the nonlinearity of the quantized input signal, the quantization pa-
rameters and system gain are selected according to the proposed inequality, which ensures
the stability and stable error of the system within the adjustable range. The simulation
results prove the effectiveness of the controller designed in this article. The underwater
environment is complex and changeable. In order to meet actual control requirements, we
can consider actual environmental conditions such as ocean current changes, time delays,
and temperature changes in future research [21–24]. In subsequent research, the real ocean
environment can be gradually simulated [25]. In addition, future work will consider scal-
able extensions including event-triggered communication, hierarchical cluster coordination,
and self-organized topology adaptation for very large multi-AUV systems.
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