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A Fourier Neural Operator-
enhanced parabolic equation
framework for highly
efficient underwater
acoustic field prediction

Xinshuo Zheng, Haofeng Xia, Hanzhuo Wang, Chi Zhang,
Jiaxi Duan, Jingyi Liu and Shuai Tang*

Naval Submarine Academy, Qingdao, China

The challenges of high computational complexity as well as the corresponding
long time consumption are like the Achilles’ Heel in the traditional numerical
methods for solving the large-scale underwater acoustic field. An efficient
solution method for the parabolic equation model based on the Fourier Neural
Operator was proposed in this work. This method enables efficient global feature
extraction through spectral convolution, thereby effectively establishing robust
correlations between physical field parameters and the target sound pressure
field. A continuous mapping was constructed in this model, which ensures that
this algorithm could effectively adapt to various marine scenarios through the
self-adjustment function. Experimental results demonstrate that the model
achieves an average coefficient of determination R > 0.95 and a relative Root
Mean Square Error (RMSE) < 0.04 dB in the predicted sound pressure field, which
represents various complex ocean conditions, including the scenarios with non-
uniform sound speed profiles, broadband sound sources, and sloped bathymetry,
among others. Compared to the conventional RAM approach, the model
proposed in this study achieves the equivalent accuracy while reducing the
computational latency, with a demonstrated decrease ranging from 25% to 35%.
This superior performance could be attributed to the adopted grid-independent
O(nlogn) spectral convolution architecture. These results demonstrate the
robustness and applicability of the framework, highlighting the potential for
broader application in underwater sound field prediction in the future.
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1 Introduction

The parabolic equation (PE) serves as a fundamental
methodology for modeling underwater acoustic propagation. The
computational efficiency of this approach derives from the far-field
approximation of the Helmholtz equation (Ivansson, 2017; Collins
and Dacol, 2000; Collins, 2012). However, time-varying sound
speed profiles and complex seabed topography in real-world
marine environments induce multipath interference effects. These
effects pose three principal challenges to the conventional Split-Step
Pade algorithm:(1) Strong coupling among iteration step size, grid
resolution, and computational domain extent results in a cubic
increase in computational complexity related to sea area scale; (2)
The phase-sensitive characteristics of acoustic fields requires
subwavelength-scale spatial discretization (Collins, 1993), which
substantially increases the memory resource requirements; (3) The
environmental parameter perturbations—particularly the sound
velocity gradient variations of +5%, require the regeneration of
computational meshes, thereby constraining the real-time
forecasting capabilities.

In response to the aforementioned computational challenges,
machine learning approaches in the underwater acoustic field
modeling have progressed through three stages of development.
(Appendix Table Al in Supplementary Material systematically
outlines the three developmental stages of machine learning
(ML)-driven underwater acoustic field modeling, serving as a
critical technical backdrop to address the computational
inefficiencies of conventional parabolic equation (PE) methods.
For Traditional ML approaches (e.g., multilayer feedforward
networks), they are rooted in Hornik’s Universal Approximation
theorem, yet inherent grid dependency impairs their ability to
accurately represent the acoustic field’s global coherent structure,
limiting applications to simple scenarios (e.g., uniform sound speed,
flat seabeds) (Hornik et al., 1989; Lagaris et al., 1998; Dissanayake
and Phan-Thien, 1994; Berg and Nystrom, 2018; Psichogios and
Ungar, 1992; Hinze et al., 2009). Physics-Informed Neural
Networks (PINNs) eliminate grid reliance by integrating wave
equation constraints, but their high computational cost (requiring
extensive iterations per scenario) and poor generalization restrict
use in large-scale acoustic propagation simulations (Raissi et al.,
2019; Du et al.,, 2023).In contrast, Neural Operators (with Fourier
Neural Operator, FNO, as a representative) innovate via function-
space mapping—establishing generalized links between
environmental parameters (e.g., sound speed profiles) and
acoustic solutions (e.g., sound pressure fields). Notably, FNO
inherently aligns with acoustic wave propagation mechanisms
through spectral convolution, making it advantageous for
complex marine environments (Lu et al., 2021; Li et al,
2021).This table clarifies trade-offs among existing methods:
Traditional ML and PINNs fail to balance accuracy, efficiency,
and generalization for large-scale underwater acoustics, while
FNO’s unique attributes highlight its potential to optimize PE
solvers. This forms the core motivation for developing the FNO-
enhanced PE framework in this study.
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Data-driven agent models originate from Hornik’s 1989
theoretical foundation, which established multilayer feedforward
networks as universal approximators (Hornik et al., 1989). Based on
this foundation, subsequent studies developed neural network
methodologies for approximating partial differential equations
(PDEs) (Hornik et al., 1989; Lagaris et al., 1998; Dissanayake and
Phan-Thien, 1994; Berg and Nystrom, 2018; Psichogios and Ungar,
1992; Hinze et al,, 2009). Among the notable approaches, Lagaris’
method (Lagaris et al., 1998), parametrizes PDE solutions directly
through neural networks by constructing boundary-compliant
initial solutions and embedding both governing equations and
boundary conditions within the loss function during the
optimization process. In contrast, Berg and Nystrom (Berg and
Nystrom, 2018) employ the neural network forward propagation to
generate solution predictions, utilizing gradient-based optimization
to minimize residuals between predicted and reference solutions.

However, these pioneering methods are still limited by the high
costs associated with generating training data and the inherent
constraints posed by grid dependency.

Furthermore, these methods remain constrained by problem-
specific assumptions and exhibit limited adaptability to complex
marine environments characterized by abrupt bathymetry and
heterogeneous sound speed fields. While effective for applications
such as noise analysis and reverberation prediction, their
computational efficiency in large-scale simulations remains unresolved.

Physics-Informed Neural Networks (PINNs) eliminate grid
dependency via embedded PDE constraints but face limitations in
underwater acoustics: high computational cost (> 10° iterations/
scenario), poor generalization requiring retraining for new
conditions, and noise sensitivity (2 dB error increase at 10%
SNR). Although machine learning has advanced beyond grid
dependency, the conflict between real-time prediction and large-
scale computation persists. Neural operators overcome dimensional
limitations by learning mappings between function spaces (Lu et al.,
2021). Their key innovation lies in constructing generalized
mappings from parameter spaces to solution spaces during a
single training cycle, enabling solutions for entire PDE families
and significantly enhancing generalization. Among these, the
Fourier Neural Operator (FNO) achieves efficient global feature
extraction via spectral convolution. This confers sublinear time
complexity during evaluation, providing a foundation for large-
scale underwater acoustic computations. As a spectral-domain
framework, FNO excels in multidisciplinary modeling,
demonstrating advantages in: (1) Accelerating physical field
solutions (e.g (Sun et al,, 2023; Zhu et al., 2021; Xiao et al., 2024;
Du et al., 2023; Yoon et al., 2024; Xi et al., 2023)); (2) Data-driven
parametric modeling substitutes (e.g (Zhong et al., 2023; Lake et al.,
2024; Yin et al., 2024)); (3) Complex dynamical system modeling
(e.g (Collins, 2012; Mangeleer and Louppe, 2023; Zhong et al,
2023)), combining multiscale capture with robust generalization.
Empirical evidence consistently shows FNO accelerates
computation while preserving accuracy, offering a novel paradigm
for high-dimensional PDEs and the potential to supplant
conventional methods. Nevertheless, FNO’s application to
underwater acoustic parabolic equations remains unexplored.
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This study establishes an FNO-based parabolic equation solver
to address limitations in training data demands and generalization.
The proposed framework maintains robust performance under
variations in environmental parameters and source configurations.

Subsequent sections systematically detail the FNO-PE solver
architecture (Section 2), multiphysics validation datasets and
evaluation metrics (Section 2.5), comparative analyses with benchmark
methods across diverse marine conditions (Section 3), and principal
conclusions with prospective research directions (Section 4).

2 Methodology

This section presents the construction of deep networks
through multi-input FNOs, introduces the PE formulation, and
simulates the solution process based on FNO theory. The extended
multi-input FNO architecture is subsequently analyzed.

2.1 Fourier neural operator

The neural operator is formulated as an iterative architecture
(Zhang et al,, 2022): v > vy > «+- > v, where v;, j = 0,1,... T-1 is a
sequence of functions, each in the range of R%.

As shown in Figure la € A, the network input is first elevated
to a higher dimension through a local transformation P (typically
parameterized by a fully connected neural network):

Vo(x) = Pla(x))
Then define each layer iteration update v, = v, as:

Ve (X) = o(Wv,(x) + (K(a; ) v;)(x))

10.3389/fmars.2025.1692899

The network output is

u(x) = Qvr(x) +q

vr(x) is the projection of Q achieved through local
transformation R — R%.

Select K(a;¢) as the kernel integral transformation
parameterized by the neural network, defined as:

(K(as 9)vy)(x) = / K a0,a0%:9)
vi(y)dy, Yx € D

Where K, R, R s 4 neural network parameterized
by ¢ € Ok

The main idea behind FNOs is to choose a translation-invariant
kernel function, which allows for efficient integration of the kernel
using the fast Fourier transform (FFT) through convolution
(Cooley and Tukey, 2023), multiplication in the feature space of
fourier coefficients. F is the Fourier transform and F' is the
inverse Fourier transform. According to the Fourier convolution
theorem, the integral function 2 is transformed into a Fourier space
product form: .7‘—_1(.7‘—(K¢) - F(vy)(x).

(FHk) = / £(x) Q270K gy
D

(f_lf)j(X) = /Dﬁ(k)EZiﬂ(x,k)dk

(K@) = FH(F(Ky) - F(v))(x)x € D

Define the Fourier integral operator

K(@v)x) = F (R, - F(v))(x)x € D

Fourier layer

FIGURE 1
FNO network architecture diagram.
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where R, is the Fourier transform of a periodic function
Kk :D — R%*% parameterized by ¢ € O.

vo(x) = P(a(x))
Vi1 (%) = (Wi (x) + - R(F () - F(v))(x)))

u(x) = Qvr(x) +q

Fl -R((F(xy) - F(v))(x)) constitutes the fundamental
learnable component for extracting physical information from
partial differential equations within Fourier space. The FNO
methodology initiates by applying the Fourier transform to kernel
functions, thereby replacing integration operations with spectrally
efficient convolution. This transformation permits the
representation of convolution as simple multiplication in Fourier
coefficient space. To enhance generalization capacity and
computational efficiency, high-order Fourier modes are truncated
through a prescribed filtering strategy R, which retains the four
dominant low-order modes.

In two-dimensional fourier transforms the primary energy
concentration manifests within the four quadrants of the coefficient
matrix—corresponding to low-frequency spectral regions. High-
order modes, containing minimal energy contributions,
predominantly encode structural details. The strategic elimination
of these high-order modes consequently enhances model
generalization performance and computational efficiency. The
operational sequence culminates with an inverse Fourier transform
to reconstruct spatial-domain representations. This spectral-spatial
transformation demonstrates stronger congruence with physical
governing equations than conventional convolution and recursive
approaches (Tang and Fu, 2021; Li et al., 2021; Kovachki et al,, 2023).

The time complexity of each layer of a CNN is O(N? - K* - C;, -
Cour)> where N is the edge length of the feature graph, K is the edge
length of the convolution kernel, Cin is the number of input
channels and C,,; is the number of output channels (Zhou et al.,
2017; Dou et al., 2024). The time complexity of the FFT layer is
O(N -log N), which is much faster than CNN.

2.2 Theory of parabolic equations in a two-
dimensional cylindrical coordinate system

PEs are effective tools for simulating various phenomena in
marine acoustics and can be used as effective numerical methods for
range-related problems. Predicting pressure at one location based
on complex pressure data at another location requires a model that
accurately establishes the correlation between different spatial
locations and environmental parameters.

When the time factor is exp(—i@t), the complex pressure
function (r,z) and the frequency domain under the two-
dimensional cylindrical coordinate P(r,z) satisfies the equation.
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19 [ aP 9 /1 9P\
75 (7’5) +p(Z)£ (mg) k (r,z)P =0

Where U(r,z) is the complex pressure after removing the
forward column wave expansion term, then the complex pressure
P(r,z) is expressed as

exp(ikyr)
T

Where k, is the reference wave number. In the far-field

P(r,z) = U(r,z)

approximation kor >> 1 it satisfies the equation:

U . oU 9
52 +zzkow+ (kz(z)—ké)U+p(z)$(

LAV
A9e) "

Let the operators P and Q be

0
P=3

1 d 1 0
e V 5793 (s92)

Equation 1 simplifies to the following:

k(2)

kg

[P* + 2ikyP + k3 (Q* - 1)U = 0
The result after factorization is
(P + iky — ikgQ)(P + ik + ikyQ)U — iky[P, QU = 0

Retaining the forward scattering term in the above equation,
ignoring the backward scattering term, and ignoring the interaction
term [P,Q], we obtain the general two-dimensional cylindrical
coordinate acoustic field parabolic equation,

(P + iky — ikyQ)U = 0

Where the operator X be

1 Jd ;9 2 g2
X‘kg(paz PP

The function U(r, z) satisfies the equations for

% _ iko(m_ 1)U(r, z)

Starting from the initial field, in the weak distance-dependent
case, for all range segments, let there be a pressure-releasing surface
at z = z,. At each range segment the pressure field U(r,z) can be
expressed as (Ivansson, 2017).

According to the Split-Step Padé (Collins, 1993) wide-angle
parabolic equation algorithm, for r and r + Ar within the same range
segment, the solution can be obtained analytically using the
following equation:

U(r+Ar,z) = exp [io( -1+ V1 +X)|U(r,2)
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We apply the Padé approximation,

n a.nX
expio(-1+V1I+X) =1+> 2
1:21 1+0b;,X

L+ A, X

P L+, X

We obtain the split-step Padé solution

U(r +Ar) = ﬁa + 14, X) 7 (1 + 4, X)U(r),
j=1

2.3 Operator theory of sound field
propagation

This study adapts the neural operator learning framework to the
domain of underwater acoustic parabolic equation propagation.
The deep architecture incorporates four cascaded Fourier integral
operator layers, incorporating differential activation functions and
batch normalization mechanisms.

Commencing from the initial acoustic field and invoking the
weak range-dependence assumption, a pressure-release boundary
condition is imposed at a depth of z = z,across all range segments.
In each range segment, the pressure field can be expressed as

U(r,2) = S anZn(@H (k,,r)

knis the modal wave number of the upper half-plane,
corresponding to the corresponding modal function Z,, and
coefficients a,,,.

According to Sturm-Liouville theory, the modal functions Z,,
from a complete set and are mutually orthogonal, with their norm
defined as (Xu et al., 2023):

Zy .
11Zull> = | / N

Where fis an analytic function in the space of square-integrable
continuous functions on 0 < z < z,, with pressure-release
boundaries at z = 0 and z = z;, as well as the weight function pfl(z).

The space described by the above equation is the Banach space
induced by this norm. It is not difficult to prove that, under this
norm-induced metric, square-integrable functions form a complete
metric space.

The proposed FNO-PE hybrid framework achieves integration
with the traditional stepwise Padé algorithm through a three-stage
collaborative process:

o Discrete field propagation. The computational domain
employs a discrete grid with vertical resolution Az = 1m, and
range increment Ar = 10m. The sound speed profile c(z), density
p(z), and spatial coordinates (r,z) are normalized to [-1, 1] per
channel to mitigate feature scale divergence.

o Operator Learning Mechanism. The network input tensor
integrates six physical fields: complex pressure amplitude
components (u,u;), wave number k, density p, and spatial
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coordinates 7,z. The FNO architecture learns the mapping:

U(r + Ar, z) = Fo(U(r, 2), k(2), p(2), Ar)

Replacing the conventional Padé expansion of exp [ioc(—1+
V1+X)]. The Fourier layers explicitly resolve long-range
dependencies through spectral convolutions, while local
nonlinearities are captured via activated channel mixing.

o PML. A boundary treatment technique widely used in
numerical acoustics to absorb incident acoustic waves at the
computational domain boundary, eliminating spurious reflections
that would interfere with the internal sound field simulation and
ensuring accurate boundary conditions (Jensen, 2011).Here, PML is
implemented through complex coordinate stretching beneath the
seafloor interface z,(r). The absorption coefficient ¥(z) is
parameterized as:

2
zZ—=2Z
’}/(Z) = Ymax ( b) 2> Zps

LPML

This adaptive impedance matching minimizes spurious
reflections while preserving trainset compatibility.

The framework expands channel dimensionality to
accommodate multiparameter acoustic representations, with its
input-output structure explicitly defined as follows: Input x;A
single input sample, forming an overall fourth-order input tensor
X € RN*¥*K%6 Here, N is the number of training samples, k x Kkis
the wavenumber-space grid size (ensuring spatial discretization
consistency), and the 6 channels correspond to 6 core physical
fields: complex pressure amplitude(real part u,, imaginary part u;),
wave number k, seawater density p, radial coordinate r, and vertical
coodinate z. Each channel is normalized to [-1,1] to eliminate
feature scale bias, with raw data derived from the RAM
v1.5 platform.

Output y;: A single output sample, forming an overall fourth-

RN***kxTy Here, N matches the input

order output tensor Y €
sample count, K x K is consistent with the input wavenumber grid
(spatial alignment), and T} denotes the number of temporal evolution
steps———i.e., the model predicts the complex sound pressure field
at T, consecutive radial ranges (e.g., r+Ar to r+ T,Ar). The
reference values of y; are also obtained from RAM vL1.5, serving as
the target for model training.

This approach demonstrates enhanced numerical stability over
traditional PE methods through continuous operator learning,
enabling large-scale scalable simulations of acoustic propagation
over complex bathymetric features.

2.4 Origin of time complexity

The computational efficiency of the proposed FNO-PE framework
stems from its grid-independent spectral convolution architecture. To
clarify the superiority of this design over the conventional RAM
method (split-step Padé parabolic equation solver), the time
complexity of both methods and the core advantage of FNO—grid
invariance—are systematically elaborated below.

frontiersin.org
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P2, G

FIGURE 2
Computational domain.

(n-1)ar nar
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The FNO module in the hybrid framework achieves O(nlogn)
time complexity, which originates from its spectral convolution
mechanism. FNO approximates the acoustic propagation operator
by converting the input complex pressure field U(r, z) between the
spatial and wavenumber domains using Fast Fourier Transform
(FFT) and Inverse FFT (IFFT)—operations with mathematically
proven O(n log n) complexity.

After FFT, FNO retains only low-frequency Fourier modes
(kmax = 12 in this study) to capture dominant physical features
(e.g., modal interference in shallow-water acoustics), while the
complexity of mode truncation and subsequent linear
transformation (via the weight tensor R) is O(kp.y - d2), where
d,is the fixed feature channel dimension). Since kn.x < n and
d,does not scale with grid size, this overhead is negligible, leaving
FFT/IFFT as the dominant contributor to the O(n log n) scaling.

The traditional RAM method exhibits theoretical linear time
complexity (O(n), derived from its split-step Pade core. RAM
decomposes acoustic propagation into discrete range steps, and at
each step, it solves tridiagonal linear systems using the Thomas
algorithm—a specialized Gaussian elimination method that
leverages matrix sparsity to achieve (O(n) complexity per step.
The number of range steps in RAM is determined by the total
propagation distance and fixed adaptive step size, resulting in a
constant number of steps independent of n; thus, the overall
complexity scales linearly with 7.

While RAM achieves theoretical (O(n) complexity, its practical
efficiency is severely constrained by grid dependence—a limitation
that FNO overcomes via inherent grid invariance. This property is
the key to FNO’s superiority in underwater acoustic applications.

RAM is a grid-bound numerical method. For any change in
spatial resolution, RAM requires full reinitialization of the
computational mesh, adjustment of the split-step Padé step size,
and re-solving of tridiagonal systems from scratch—introducing
“resolution-switching overhead” that is not reflected in its
theoretical (O(n) complexity. Furthermore, for complex marine
environments, RAM demands manual grid refinement, which
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increases the effective n and elevates practical computational costs
far beyond the theoretical linear scaling.

FNO’s grid invariance originates from its spectral-domain
parameter learning: the Fourier modes ki, and weight tensor R
(learned in the wavenumber domain) are resolution-independent—
they remain unchanged regardless of grid size. Consequently, the
ENO-PE framework requires only one-time training and can be
directly applied to other resolutions without retraining or
parameter tuning. For complex scenarios, FNO maintains stable O
(nlogn) scaling and inference time, avoiding the additional
overhead of RAM’s grid refinement.

2.5 Data description

This chapter outlines the data generation methodology using
the MATLAB-based RAM v1.5 acoustic modeling platform, which
involves constructing both training and multi-condition test
datasets. The primary objective involves rigorously validating the
ENO framework’s robustness and computational efficiency across
diverse marine environmental parameters.

For the 2D underwater acoustic computational domain (radial
distance r x vertical depth z), n is uniformly defined as the total
number of spatial grid points(i.e., n = N, x N,, where N, and N,
denote the number of grid points along the range and depth
dimensions, respectively). This definition aligns with the
foundational FNO theory (Li et al,, 2021) and ensures consistent
complexity comparison.

2.5.1 Data preparation

The Pekeris waveguide configuration comprises a uniform
seawater layer (z; = 200m, ¢; = 1500m/s, p = 1.0g/cm3) overlying
a semi-infinite sediment layer (c, = 1600m/s, p = 1.8g/cm3). The
computational domain spans (70,29) = (0,0) t0 (7100 Zimax) = (10km,
400m) with sediment absorption neglected. A perfectly matched
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layer (PML) boundary condition terminates the domain at z =
400m, as illustrated in Figure 2.

The verification framework systematically examines two critical
dimensions: sound source variability and environmental
heterogeneity. For source parameter analysis, six frequencies (40-
100 Hz) at 50 m depth assess frequency response characteristics
spanning 40% to 160% of standard shallow-water sonar frequencies
(50 Hz reference). Vertical adaptability is evaluated through six
source depths (10-100 m) using a 50 Hz reference, with specific
emphasis on near-surface (< 30m depth) and shallow-water (< 200m
depth) configurations. This methodology reveals the depth-
dependent effects of sound field distribution on model generalization.

Environmental variability testing incorporates three critical
elements: (1) Sound velocity profile effects assessed through uniform,
positive-gradient, and negative-gradient structures; (2) Seabed terrain
impacts evaluated via 5°— 15° slope geometries simulating reflection
path distortions; (3) Deep-sea adaptability validated through domain
extension to 4000 m depth (2000 m seawater and 2000 m sediment)
with preserved PML conditions. This multivariate test matrix—
spanning source parameters, medium properties, and geometric
boundaries—establishes a rigorous evaluation benchmark, ranging
from shallow to deep marine environments, enabling a quantitative
assessment of model robustness, accuracy, and computational efficiency.

2.5.2 Model evaluation

Model performance is quantified through two primary metrics:
the relative root mean square error (RMSE error) and the coefficient
of determination (R? Score). These measure divergence between
FNO predictions and RAM-generated reference solutions, with R*
— 1 indicating optimal regression fidelity.

12 .
RMSE = [~ 3119 =111

Where n is the number of spatial grid points in the water
column; y; denotes the FNO-predicted complex pressure (real/
imaginary part) at grid point 7 y; denotes the RAM-generated
reference pressure (real/imaginary part) at the same grid point; ||-||,
is the L2-norm, and the result is converted to decibel (dB) units to
align with acoustic field measurement conventions.

R2=1 _E? ||)’i—)7i||§
Syl

Where ¥ is the mean value of the RAM reference pressure over
the spatial grid. An R* — 1 indicates the FNO prediction fully
captures the variability of the true acoustic field.

2.5.3 Performance comparison protocol

Performance is compared against the conventional RAM method
(the gold standard for parabolic equation based acoustic simulation)
across all validation scenarios, with two core comparison dimensions:
accuracy comparison and efficiency comparison.

For each scenario, compute R*(real/imaginary parts) and RMSE
(dB) of the FNO and RAM solutions. To mitigate randomness from
network initialization, statistical significance is ensured by
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averaging metrics over 3 independent runs. Measure the average
inference time of FNO and RAM under the same hardware. For
large-scale scenarios, record the absolute computation time and
relative acceleration ratio to quantify efficiency gains.

2.6 Benchmark model validation

2.6.1 Network construction and hyperparameter
optimization

Based on the rigorous optimization of pre-training and
systematic ablation experiments, this work employs the following
hyperparameter configuration to construct a Fourier neural
operator architecture. The model features a six-layer structure
comprising an input/output linear transformation layer and a
four-layer Fourier spectral convolution. The weight matrix is
initialized by a proportional hyperbolic tangent function with
parameter € = 1.0001 to maintain gradient stability. The original
high-resolution ocean sound field data is input into the network
using a 2:1 downsampling strategy to achieve an effective balance
between sound field detail retention and memory consumption. In
the optimization process, the first-order moment estimation f3; =
0.9 and the second-order moment estimation 3, = 0.999 of the fixed
Adam algorithm are fixed to ensure the mathematical completeness
of the bias correction in the gradient update process.

The FNO’s function space mapping operates on Banach
subspaces bounded by waveguide interfaces, with sub-bottom
data treated as environmental noise. Consequently, all
visualizations in this section exclusively depict water column
sound field distributions, excluding interactions with the seabed.

2.6.2 Model performance evaluation under
different nonlinear transfer mechanisms

Activation functions are a critical component in neural
networks, applied to individual neurons to introduce non-
linearity into the input signals before propagating the
transformed outputs to subsequent layers. In neural network
training, several commonly used activation functions stand out,
including the hyperbolic tangent function (Tanh(x)), rectified linear
unit (ReLU(x)), sigmoid function (Sigmoid(x)), and leaky rectified
linear unit (Leaky ReLU(x)). Visualizations of these four functions
are provided in Figure 3. Under controlled Pekeris waveguide
conditions (f=50 Hz, z=50 m), ReLU achieved superior complex
pressure reconstruction (R**¢ = 0.9662, R*™ = 0.9676) compared to
Tanh (AR> = +9.56%) and Leaky ReLU (AR® = +8.73%). As
shown in Figure 4, the result indicates ReLU’s advantage for
parabolic equation solvers requiring long-range waveform fidelity.

3 Results and discussion

3.1 Robustness verification experiment of
sound source disturbance

3.1.1 Performance evaluation of different sound
source frequency

The frequency generalization capability was rigorously tested
using a model trained at 40 Hz and evaluated across five discrete
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Activation functions.
frequencies (50, 60, 70, 80 and 100 Hz). To quantify the frequency- 0.11f2 saf?
dependent energy attenuation of acoustic waves in seawater, we of(f) =3.3 x 107 + 1.+ Iz m"' 3.0x 10_4f ’

introduced the seawater acoustic absorption coefficient alpha(f)

(dB/km)). This coefficient integrates three dominant attenuation
mechanisms in seawater and follows the classical Thorp absorption
model (Jensen, 2011).

The evaluation results of the model’s frequency generalization
ability show that the model exhibits stable generalization in the
frequency range of 50-100 Hz. As shown in Appendix Table A3 in
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Supplementary Material, the prediction accuracy decays gradually
with the increase of frequency, but the model always maintains
RMSE < 0.042dB through the core features captured by the Fourier
space convolution kernel. It is found that there is approximately 2.8
— 3.1% R* attenuation in every 10 Hz band, which is closely related
to the high-order Fourier mode stage. FNO completes the
prediction in 2.89 + 0.16s, which is 25% — 35% faster than RAM.
This study demonstrates that the framework can offer technical
support for the trial sound field prediction of broadband sonar
systems and can be applied to multi-source detection scenarios in
complex marine environments. Figure 5 shows the propagation loss
at the test frequency of 50 Hz.

3.1.2 Performance evaluation of different sound
source positions

This section is based on the z,= 60m sound source (f = 50Hz)
training model, and the generalization performance test is carried
out in the depth range of [10, 30, 40, 50, 100 m] sound sources. As
shown in Appendix Table A4 in Supplementary Material, the
framework exhibits strong generalization robustness to the
vertical localization of sound sources, with a determination
coefficient (R?) of the complex sound pressure component
exceeding 0.89 under all verification conditions. The optimal
prediction performance is obtained at a depth of z,= 50m: the real
part R?> = 0.9462, the imaginary part R?> = 0.9476, and the
corresponding root mean square error RMSEg, = 0.0342dB, RMS
E},, = 0.0337dB, which is significantly better than the shallow and
deep sound source configuration. Figure 6 is the propagation loss at
a test source position of 50 m. When the sound source depth is z =
10 m and the receiving depth is 50 m, the error converges to
approximately 0.3 dB within 1 km of propagation, and the

Frontiers in Marine Science

calculation time remains stable at 2.81 + 0.16s, which is 25.3%
lower than the RAM reference method. The indiscriminate
acceleration characteristics of sound source depth verify the
technical adaptability of this operator method in the application
of a vertical receiving array.

3.2 Generalization ability assessment of
non-uniform marine environment

3.2.1 Performance evaluation of different sound
velocity profiles

As the core influencing factor of underwater acoustic
propagation law, the spatial heterogeneity of the sound velocity
profile is the key consideration for constructing a sound field
prediction model. In this study, the FNO network trained under
uniform sound velocity conditions is utilized for transfer learning
verification in two typical non-uniform sound velocity fields:
positive gradient and negative gradient. The experimental data are
generated based on the sound source with z;= 40 m and f = 50 Hz.
Figure 7 clearly shows the two-dimensional distribution and
propagation curve characteristics of sound field propagation loss
under uniform sound velocity.

The numerical results show that the model’s prediction
accuracy, as measured by the RMSE, is less than 0.016 dB in the
uniform sound velocity scene, which verifies the effective analysis of
the steady-state waveguide multimode interference characteristics
using the Fourier convolution kernel. However, the non-uniform
sound velocity condition significantly increases the training
complexity. The negative gradient sound velocity field requires
2400 iterations to converge, which is three times more training

frontiersin.org
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time than the uniform scene, and the verification loss value
increases by two orders of magnitude. The positive gradient
sound velocity field yields a negative value of the determination
coefficient (R* < 0), indicating that the model’s prediction result is
inferior to the uniform sound velocity condition and significantly
differs from the exact value. This phenomenon arises from the
inherent limitations of the isotropic Fourier convolution kernel
under refraction conditions: it is challenging to analyze the
direction-dependent acoustic scattering path, leading to the
failure of spectral space parametric mapping. This finding reveals
the sensitivity of the existing architecture to the strong vertical

sound velocity gradient. In the next step, the empirical orthogonal
function (EOF) expansion of the finite term will be used to
approximate the changing sound velocity profile, thereby
improving the modeling ability of the non-uniform sound field.

3.2.2 Performance evaluation of different slope
terrain

To evaluate the influence mechanism of slope topography on
sound field propagation, this study constructs a slope seabed model
to simulate the propagation process of acoustic oblique incidence.
Figure 8 shows the distribution and curve of two-dimensional
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Comparison of sound transmission loss, error diagrams, and two-dimensional curves between FNO and RAM under uniform sound velocity profiles.
(A) Predicted transmission loss. (B) Exact transmission loss. (C) Transmission loss error. (D) Two-dimensional propagation loss curve. (E) Transmission
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propagation loss under this condition. The experimental results
show that, with the fluctuation of seabed terrain slope, the sound
propagation loss value predicted by the model exhibits obvious
terrain-dependent characteristics, and its cumulative attenuation
rate is 12.7 £ 3.5dB/km higher than that of flat seabed conditions.
The propagation loss curve shows a significant time-domain
interference fringe enhancement phenomenon in the depth-
distance domain space. This phenomenon can be attributed to
the multi-modal coupling effect caused by the increase in the
number of bottom-contact reflections (shortened bottom-contact
period) at the wave level. The physical mechanism is that the
acoustic phase delay caused by the sudden change of terrain is A¢ =

22fd (sin; + sin6,)*, which leads to the multipath effect.

o

3.2.3 Performance evaluation of deep-sea region

This study extends the computational domain to 4000 meters of
deep-sea space for systematic verification, aiming to assess the
model’s generalization performance in the complex deep-sea
environment. Based on the FNO network trained by the sound
source with z;= 200 m and f = 50 Hz, the sound field prediction of
the extended domain under the conditions of z; = 500 m and z, =
100 m is successfully realized (Figure 9).

The numerical verification data show that (Appendix Table A7 in
Supplementary Material): In the sound field range of 100 m sound
source depth, the average determination coefficients of the complex
sound compaction part and the imaginary part reach R*** = 0.9058
and R*™ = 0.8879, respectively, and the relative root mean square
error is stable at RMSEp, = 0.0408 dB and RMSEjy, = 0.0456 dB. The
two-dimensional loss distribution of sound field propagation and the
two-dimensional propagation loss curve further reveal that the error
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distribution of the model in the deep-sea water area is uniform
(Figure 9). This feature is due to the efficient feature extraction ability
of the FNO spectral convolution kernel, which effectively captures the
low-frequency modal interference and energy diffusion effects in
deep-sea channels through an adaptive frequency-domain filtering
mechanism. The experimental results demonstrate that the
framework achieves sub-decibel-level sound field reconstruction in
the kilometer-level depth domain, providing an efficient computing
paradigm for deep-sea cross-scale acoustic modeling, such as
predicting deep-sea channel convergence zones and inverting
seabed acoustic parameters.

3.3 Computational efficiency analysis

The chart system of numerical calculation efficiency analysis
reveals the computational superiority of FNO in five types of marine
acoustic scenarios. Taking the trend analysis presented in Figure 10
as an example, compared with the traditional RAM method, the
proposed method achieves an average delay reduction of 28.4 +
6.7%, and the acceleration effect reaches a peak of 38.7% under
typical uniform sound speed profile conditions, even in complex
deep-sea environments. It still maintains a baseline acceleration
ratio of 25.3%. This phenomenon verifies the spectral convolution
operator’s theoretical characteristics from the engineering practice
perspective: through the time complexity of O(nlogn), the
computational efficiency is significantly better than the time
complexity strategy of the traditional finite difference method.

The time series evolution characteristics further reveal the stable
acceleration mechanism of the algorithm: the model achieves a
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32.8% delay reduction under the benchmark condition (the
calculation time is 2.77 seconds vs. 3.68 seconds) in the face of
environmental perturbations such as sound source frequency/
position changes, it can still maintain a robust performance of
29.1 + 1.2%. In particular, it is worth noting that the model
continues to demonstrate a stable acceleration capability of 27.5%
for complex hydrodynamic scenarios with sloping terrain and deep-
sea cross-scale conditions. When extended to deep-sea conditions
with a water depth of 4000 meters, the FNO deduction time is
strictly controlled within 3.5 seconds. Compared with the 6.75
seconds of the RAM method, the absolute acceleration ratio is
2.95 times. The improvement can be attributed to the theoretical
avoidance of the iterative solution process of the Helmholtz
equation by the Fourier space projection mechanism in the
framework, and the model’s low sensitivity to sound source
parameters is mathematically verified at the L,(D) solution space
continuity level.

The empirical results are in strict agreement with the theoretical
expectations of Section 2.3: the invariance of spatial discretization
ensures the stability advantage of the algorithm in the variable grid
system, which is particularly important in the three-dimensional
extended scene.

Although RAM exhibits theoretical linear complexity, its grid
dependence makes it inefficient in practical underwater acoustic
prediction—especially for multi-resolution tasks (e.g., shallow-to-
deep sea extrapolation) and complex environments. In contrast,
ENO’s O(nlog n) complexity, when combined with grid invariance,
delivers three critical advantages: (1) eliminating resolution-switching
costs; (2) avoiding manual grid tuning for heterogeneous scenarios; (3)
enabling rapid generalization across a family of acoustic propagation
problems (e.g., 40-100 Hz broadband sources). As validated in Section
3.2.3, even for 4000 m deep-sea simulation, FNO’s inference time
remains < 3.55—25%-35% faster than RAM—while maintaining sub-
decibel accuracy (RMSE < 0.045,dB). This confirms that the FNO-PE
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framework is a more efficient and robust solution for large-scale
underwater acoustic field prediction than the traditional RAM method.

3.4 Multi-scale sound field fusion
enhancement mechanism of U-FNO
architecture

The enhanced U-FNO architecture addresses spectral
regularization limitations by integrating U-Net modules after
Fourier layers in the baseline FNO framework (Wen, 2022).

While standard FNO demonstrates exceptional test accuracy, its
spectral regularization effects hinder training convergence. To

resolve this, we propose the U-Fourier layer with the
mathematical formulation:

Ving,, (%) = 0((Kvp, )(X) + UV, )(x) + WV, (%)) Vx € D

Where K denotes the kernel integral transform in Fourier space,
U represents the U-Net convolutional path for local refinement, and
W corresponds to linear projection. This hierarchical design enables
Fourier transforms to capture global wavefield patterns while
subsequent U-Net modules resolve boundary-induced
local distortions.

The network architecture is shown in Figure 11 by extending the
network channel dimension to be compatible with six-dimensional
input features: sound pressure complex amplitude component (u,, u;),

Transmission Loss(Pred)

Transmission Loss(Exact)

Transmission Loss(Error)

2

a 6

Range, km

Range, km

Range, km

Transmission Loss Error(Depth=50m)

Transmission Loss(Depth=50m)

(e)
150

Range, km Range, km

FIGURE 12
Comparison of sound transmission loss, error diagrams, and two-dimensional curves between FNO and RAM. (A) Predicted transmission loss.
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wave number k, density p, and spatial coordinates (7, z), and configuring
four layers of U-Fourier layer with spectral mode truncation strategy.

Experimental results demonstrate U-FNO’s superior accuracy
over standard FNO across marine environments. In shallow-water
scenarios with a 60 Hz source, the hybrid architecture achieves R2Re =
0.9850 and R*"" = 0.9842, with RMSE stabilized at R** = 0.0103 dB
and R*™ = 0.0119 dB. For 4,000m deep-sea conditions (consistent
with Section 3.2.3), it maintains R*** = 0.9824 and R*"" = 0.9833 in
upper layers and full-depth predictions—significantly outperforming
the baseline FNO. The two-dimensional propagation loss distribution
and axial attenuation curves under these conditions are detailed in
Figure 12 respectively, highlighting U-FNO’s efficacy in suppressing
seabed multipath artifacts.

4 Conclusion and summary

This study establishes an FNO-enhanced framework for solving
underwater acoustic parabolic equations, effectively resolving the
accuracy-efficiency trade-oft inherent in conventional Split-Step
Pade methods. The proposed approach achieves grid-independent
solutions by integrating spectral convolution with acoustic
propagation physics while maintaining rigorous physical
consistency. The framework introduces a multi-channel input
mechanism incorporating the acoustic field U(r,z), wavenumber
k, and density p, replacing iterative Padé expansions with Fourier
domain projections. This design exploits FNO’s spectral invariance
to establish global sound field correlations through wavenumber-
domain mode truncation mechanisms, demonstrating a coefficient
of determination exceeding 0.95 across multipath-dominant
shallow water and deep-sea environments.

The O(nlogn) spectral convolution scheme reduces
computational latency by 25%-35% compared to conventional
RAM methods, consistently maintaining inference times below
3.5 seconds in kilometer-scale deep-sea simulations. In complex
marine environments, the framework demonstrates robust
adaptability to slope bathymetry (5-15°), exhibiting propagation
loss attenuation rates elevated by 12.7 + 3.5dB/km relative to planar
bathymetries, with post-reflection cumulative errors converging
below 0.3 dB. When extended to 4,000-m deep-sea conditions, it
maintains sub-decibel reconstruction accuracy (RMSE < 0.045dB)
for complex pressure fields. These results confirm the FNO’s
capability to resolve low-frequency modal interference and energy
diffusion phenomena.

However, performance degradation occurs under non-uniform
sound speed gradient profiles, where isotropic convolutional kernels
fail to capture refraction-induced acoustic paths, yielding negative
R? coefficients. Regarding the model’s prediction failure under non-
uniform sound speed gradient profiles, the decomposition of sound
speed profiles based on EOF can serve as a core improvement
direction. EOF is capable of decomposing complex and
inhomogeneous positive-gradient sound speed fields into a small
number of principal modes that dominate energy (typically the first
3-5 orders can explain over 90% of sound speed variation),

Frontiers in Marine Science

14

10.3389/fmars.2025.1692899

effectively stripping redundant information and highlighting the
key structure of gradient directions. This characteristic has been
widely applied in underwater acoustics for the characterization of
sound speed in stratified media such as surface ducts and
thermoclines. For instance, in shallow-water positive-gradient
scenarios, the first two EOF orders can respectively describe the
average sound speed baseline and gradient change rate, accurately
capturing the directional dependence of sound ray refraction.

The specific technical pathway can be designed as follows: the
principal mode parameters (modal coefficients, eigenvalues)
obtained from EOF decomposition are used as supplementary
input features for the FNO, replacing the original sound speed
profile data. Combined with an adaptive spectral mode truncation
strategy, the Fourier convolution kernel can focus on the refraction
path information corresponding to the EOF principal modes,
overcoming the limitation that the current isotropic kernel cannot
resolve direction-dependent scattering.

These advancements will establish next-generation
intelligent ocean acoustic computation frameworks, providing
critical theoretical foundations for deep-sea exploration systems.
Subsequent research will develop hybrid FNO-FEM solvers
using the South China Sea experimental datasets, targeting
balanced performance metrics: acoustic reconstruction accuracy
(RMSE< 0.02dB) and computational efficiency (35% acceleration
relative to conventional finite element methods under complex
boundary conditions).
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